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Abstract. The aim of this article is to generahze Kate's ( commutative ) p- 
adic local e-conjecture |Ka93b| for families of {(p, r)-modules over the Robba 
ring. In particular, we prove the generalized local e-conjecture for rank one 
{(fi, r)-modules, which is a generalization of Kato's theorem .Ka93b) for rank one 
Galois representations. The key ingredients are the recent results of Kedlaya- 
Pottharst-Xiao [KPX12j on the finiteness of cohomology of (ip, r)-modules and 
the theory of Bloch-Kato's exponential map for r)-modules developed in 
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1. Introduction. 



1.1. Introduction. Since tlie works of Kisin |Ki03j . Colmez |Co08j . and Bellaiclie- 
Clienevier [BelCiiOQ] - ■ ■ , tlie tlieory of (v?, r)-modules over tlie ( relative ) Robba 
ring becomes one of the main streams in the theory of p-adic Galois representations. 
In particular, the recent works of Pottharst |Pol3aj and Kedlaya-Pottharst-Xiao 
|KPX12] established the fundamental theorems (comparison with the Galois coho- 
mology, finiteness, base change property, Tate duality, Euler-Poincare fromula- ■ ■ ) 
in the theory of the cohomology of [if, r)-modules over the relative Robba ring 
over Qp-affinoid algebras. As is suggested and actually given in |KPX12j . [Pol 3b] . 
their results are expected to have many applications in number theory (e.g. eigen- 
varietes, non-ordinary case of Iwasawa theory). On the other hand, in |Nal3j . the 
author of this article generalized the theory of Bloch-Kato's exponential map and 
Perrin-Riou's exponential map in the framework of (<y9, r)-modules over the Robba 
ring. Since these maps are very important tools in Iwasawa theory, he expects 
that the results of |Nal3 l| also have many applications. 

As an application of the both theories, the purpose of this article is to generalize 
Kato's p-adic local e-conjecture |Ka93b] in the framework of {if, r)-modules over 
the relative Robba ring over Qp-affinoid algebras, which we briefly explain in this 
introduction: see §3 for the precise definitions. Let Gq^ be the absolute Galois 
group of Qp. Let A be a semi-local ring such that A/triA is a finite ring of the order 
a power of p, where ttia is the Jocobson radical of A. Let T be a A-representation 
of G'(Qp,i.e. a finite projective A-module with a continuous A-linear GQ^-action. 
Let C*^^^{Gqp,T) be the complex of continuous cochains of Gq^ with the values in 
T. By the classical theory of Galois cohomology of Gq^^, this complex is a perfect 
complex of A-module which satisfies the base change property, Tate duality,- ■ ■ . 
This fact enables us to define the determinant DetA(C"(GQp, T)) which is a ( 
graded ) invertible A-module. Modifying this module by multiplying a kind of 
detA(T), one can canonically attach an invertible module 

Aa(T) 

called the fundamental line of the pair (A, T), which is compatible with base change 
and Tate duality. Our main objects are the pairs {A, M) where A is a Qp afiinoid 
and M is a (99, r)-module over the relative Robba ring TZa over A. By the results 
of |KPX12j . then we can similarly attach a graded invertible A-module 

Aa(M), 

such that, for a pair (A,T) and a continuous homomorphism f : A ^ A, there 
exists a canonical comparison isomorphism AA(r) (g)A A ^ A^(Drig(T (g)A A)) by 
the result of [Pol3aj . The following conjecture is Kato's conjecture if {B,N) = 
(A,T), and our conjecture if {B,N) = {A,M). See Conjecture 13.91 for the precise 
formulation. 
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Conjecture 1.1. (Conjecture I3.9p We can uniquely define a B -linear isomorphism 

for each pair {B,N) of type (A,T) or {A,M) and each ^Lp-hasis ( o/Zp(l), which 
is compatible with any base changes B — t- B' , exact sequences — )■ A^i — )■ A^2 — ^ 
Ai's — )■ , and Tate duality, and satisfies the following: 

(v) For any f : A ^ A as above, we have 

EA^ciT) ® id^ = £A,c(Drig(T ®A A)) 

under the canonical isomorphism Ax{T) ®a A ^ AA(DTig{T 0a A)). 

(vi) Let L = A be a finite extension of Qp, and let N be a de Rham represen- 
tation o/Gqp or de Rham {(f,r) -module over TZ^. Then we have 

eL,dN)=ef^^{N), 

where the isomorphism 

ef-^N) : Al{N) ^ U 

which is called the de Rham e-isomorphism is defined using the Bloch-Kato 
exponential and the dual exponential of N and the local factors (L-factor, 
e-constant, gamma factor" ) associated to Dpst(A^) and Dpst(A^*). 

Remark 1.2. To define the condition (vi) for de Rliam (99, F) -modules, we need 
tlie results of [Nal3j . 

Roughly speaking, this conjecture says that the local factor which appears in 
the functional equation of the L-functions of motif p-adically interpolate to all the 
families of p-adic Galois representations and also rigid analytically interpolate to 
all the families of (<y9, r)-modules in a compatible way. In fact, in [Ka93aj . Kato 
formulated a conjecture called the generalized Iwasawa main conjecture which 
asserts the existence of a compatible family of "zeta" -isomorphisms 2;a(^[1/'S'], T) : 
^global j^ji-j — )• 1a for any A-representation T of Gq^s {S is a finite set of primes) 
which interpolate the special values of L-functions of motif, and also in |Ka93b] 
formulated another conjecture called the global e-conjecture which asserts the 
functional equation between 2;a(Z[1/S'], T) and 2;a(^[1/5'], T*) with the (]9-part of 

) local factor eA,c(^ I Gq J- 

In |Ka93bj (see also |Vel3j ). Kato proved the local (and even the global) e- 
conjecture for the rank one case. As a generalization of his theorem, our main 
theorem of this article is the following. 

Theorem 1.3. (Theorem l3.12l) The coniecture W.W is true for the rank case. 

Finally in this introduction, we give the following two remarks concerning the 
future directions of our research. 
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Remark 1.4. From this theorem, we can immediately obtain some results in the 
trianguline case. We say that a (99, r)-module M over TZa is trianguline if M has a 
filtration J-" : C Mi C ■ ■ ■ C M„ = M whose graded quotients gi jr^{M) are rank 
one r)-modules over TZa- Then, we can construct an e-isomorphism £:jr,^,^(M) : 
Ayi(M) ^ lyi as the products of e A,Q{g'^ i{M)) defined in the above theorem. 
Then, it is easy to show that this isomorphism satisfies the de Rham condition 
(vi) in the conjecture ( but we need to show this isomorphism is independent of the 
choice of F). In particular, because the crystalline r)-modules and even the 
twists of these by universal cyclotomic character are triangline, we can compare 
our result with the previous known results on Kato's local e-conjecture for some 
twists of crystalline representations |BB08] . |LVZ13] . Because this paper becomes 
enough long and we may hope to have some global applications in the triangle 
case, we will study the trianguline case in another paper jNa] . 

Remark 1.5. The non trianguline case is much more difficult but is much more 
interesting because this case corresponds to the supercuspidal representations of 
GL2(Qp) via local Langlands, whose e-constants are very difficult to explicitly de- 
scribe. In a project with Seidai Yasuda, we are now trying to attack the conjecture 
in this ( and the rank two ) case using some results of |ColO] and the result of 
|Nal3] on the Perrin-Riou's exponential map of de Rham (99, r)-modules. In par- 
ticular, we have an idea of how to construct the e-isomorphism in the rank two case 
and have a very rough idea of how to relate this isomorphism with the Bloch-Kato 
exponential map. The e-conjecture in this case is extremely interesting because 
we expect that this problem is intimately related with the compatibility of p-adic 
and classical local Langlands correspondence for GL2(Qp), which has been proven 
only by a global method [Emj . 

1.2. Structure of the paper. In §2, we recall the results of |KPX12j . |Pol3aj . 
and |Nal3] . After recalling the definition of ((^, r)-modules over the relative Robba 
ring, we recall the main results of |KPX12] . |Po l3a] on the cohomology of (v?, T)- 
modules, i.e. comparison with Galois cohomology, finiteness, base change property, 
Euler-Poincare formula, Tate duality, and the classification of rank one objects, 
all of which are essential for the formulation of our conjecture. We next recall the 
result of |Nal3j on the theory of Bloch-Kato's exponential map of (<y9, r)-modules. 
Because the result of |Nal3j is not sufficient for our purpose, we slightly generalize 
the result of this paper. In particular, we show the existence of "Bloch-Kato's 
fundamental exact sequences" involving Dcris(^) ( Prop osition 1 2 . 2 Ol) . establishing 
the Bloch-Kato's duality for the finite cohomology of r)-modules (Proposition 
12.231) . The explicit formulae of our Bloch-Kato's exponential maps (Proposition 
12.221) are frequently used in later sections. 

In §3, using the preliminaries recalled in §2, we formulate our e-conjecture and 
state our main theorem of this paper. Because the conjecture is formulated by 
using the notion of determinant, we first recall this notion in §3.1. In §3.2, using 
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the determinant of cohomology of [if, r)-modules, we define a graded invertible A- 
module Aa{M) called the fundamental line for any {ip, r)-module M over TZ^. In 
§3.3, for any de Rham [ip, r)-module M, we define a trivialization (called de Rham 
£-isomorphism) of the fundamental line using the Bloch-Kato fundamental exact 
sequence, Deligne-Langlands-Fontaine-Perrin-Riou's e-constants and the "gamma 
-factor" associated to Dpst(M). In §3.4, we formulate our conjecture and compare 
our conjecture with Kato's conjecture, and state our main theorem of this article, 
which solves the conjecture for all rank one {(f, r)-modules. 

§4 is the main part of this paper, where we prove the conjecture for the rank 
one case. In §4.1, using the theory of analytic Iwasawa cohomology |KPX12j . 
|Pol3b] . and using the standard technique of p-adic Fourier transform, we con- 
struct our e-isomorphism for all rank one {(f, r)-modules. In §4.2, we show that 
our e-isomorphism defined in §4.1 specializes to the de Rham e-isomorphism de- 
fined in §3.2 at each de Rham points. In §4.2.1, we first verify this condition 
(which we call the de Rham condition) for the "generic" rank one de Rham {ip, F)- 
modules by establishing a kind of explicit reciprocity law ( Proposition 14 . 1 2| 14 . 1 8 p . 
In the process of proving this, we prove a proposition (Proposition I4.14p on the 
compatibility of our e-isomorphism with a natural differential operator. Using the 
result in the generic case and the density argument, we prove the compatibility of 
our e-isomorphism with Tate duality and compare with Kato's e-isomorphism. In 
§4.2.2, we verify the de Rham condition via explicit calculations for the exceptional 
case which includes the case of 71, 7^(1) (the {ip, F)-modules corresponding to Qp, 
Qp(l) respectively). 

In the appendix, we explicitly calculate the cohomologies 11^^(7^.(1)) and H^^(7?.), 
which will be used in §4.2.2. 



1.3. Notation. Throughout this paper, we fix a prime number p. The letter A 
will always denote a Qp-affinoid algebra; we use Max(A) to denote the associated 
rigid analytic space. Fix an algebraic closure Qp of Qp, and we consider any finite 

extension K of Qp inside Qp. Let | — | : Qp — >■ Q>o to be the absolute value 
such that |p| = p~^. For n ^ 0, let denote /Xpn for the set of p"-th power roots 
of unity in Qp, and put /ipoo := U„;>i/ipn. For a finite extension K of Qp, put 
if„ := K{fXpn) for oo ^ n ^ 0. Let denote x ■ ^Q, ■= Gal(Qp,oo/Qp) ^ 
for the cyclotomic character given by 7(C) = C^^"'^ for 7 G F and C E /ipoo. Set 
Gk ■■= Gal(Qp/K), Hk ■■= Gal{Qp/K^), and F^^ := Gal{K^/K). We let k be 
the residue field of K, with F := W{k)[l/p]. For k e Z, put Zp{k) := Zp(l)®'= 
equipped with a natural action of Tk- For a Zp[G;^]-module N, let denote N{k) : = 
N Zp{k). When we fix a generator C = {Cp"}n^o ^ ^p(l)) we put ei := ^ and 
efc := ef^ G Zp{k) for A; G Z. For a continuous Gx-module N , let denote by 
C'o„(.(Gx5 N) the complex of continuous cochains of Gk with values in N . Denote 
hy W{K,N) ■.= W{G:,^,{Gk.N)). 
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For a group G, denote Gtor for the subgroup of G consisting of all torsion ele- 
ments in G. If G is finite group, denote \G\ for the order of G. 

For a commutative ring R, let denote by Pfg(i?) the category of finitely gen- 
erated, projective i?-modules. For G Pfg(i?), denote by Tk^N the rank of 
N and by A^^ := RomR{N,R). Let [,] : Mi x Ms i? be a perfect pair- 
ing. Then we always identify by M2 ^ by x (?/ 1— [y,x]) Let denote 
by D~(_R) the derived category of bounded below complexes of -R-moudles. Let 
denote by Dpj^^|(i?) (respectively Dpgj.f(i?)) the full subcategory of D~(i?) con- 
sisting of the complexes of -R-modules which are quasi-isomorphic to a complex 
P' of Pfg(-R) concentrated in degrees in [a,b] (respectively bounded degree). De- 
fine a duality functor RHomjj(-,i?) : Dj;'J(i?) ^ Dj;;^^""^ (i?) given by send- 
ing a bound complex P' of Pfg(i?) to Hom^(P~*, _R). This is well defined and 
RHomij(— o RHomij(— is the identity. Define the notion Xr{~) of Euler 
characteristic for any objects of T)'^^^f{R) such that, for a bound complex P' of 
Pfg(^) , Xr{P') ■■= EiGz(-l)'rkjjP^ e Map(Spec(i?),Z). For a complex (P',d.) 
of -R-modules, the differential d!^, on the dual complex B.omji{P~' , R) is defined 
by (P-")^ ^ (^p-n-iy . f ^ (-1)"^7 o d_n-i- If P" is finite projective, then 
the the canonical isomorphism P" ((P")^)"^ : x 1— )■ (/ f{x)) induces an 
isomorphism 

(1) {P', -d.) ^ (Hom^(Hom«(P', P), P), {d'',)''). 



2. COHOMOLOGY AND BLOCH-KATO EXPONENTIAL OF {ip, r)-MODULES 

2.1. Cohomology of {(f, r)-modules. In this subsection, we recall the definition 
of ( families of ) {ip, r)-modules and the definition of their cohomologies follow- 
ing |KPX12] . and then recall the results of their article on the finiteness of the 
cohomology. 

Put CO := G M>o. For r G Q>o, define the r-Gauss norm | — |r on 

Qp[T^] by the formula | J2i '^iP% '■= maxj{|aj|a;*''}. For < s ^ r G Q>o, we write 
74^[s,r] for the rigid analytic annulus defined over Qp in the variable T with radii 
|r| G its ring of analytic functions, denoted by T^''*'''], is the completion of 

Qp[r^] with respect to the norm | ■ \ ^s,r] '■= niax{| ■ 1^, | ■ |s}- We also allow r (but 
not s) to be 00, in which case y4^[s,r] is interpreted as the rigid analytic disc in 
the variable T with radii |T| ^ uj^] its ring of analytic functions T^.^*''"' = 7^[*'°°1 is 
the completion of Qp[r] with respect to | ■ \s. Let A be a Qp-affinoid algebra. Let 
7i}^^^ denote the ring of rigid analytic functions on the relative annulus (or disc if 
r = 00) Max(A) X A-'^[s,r]; its ring of analytic functions is 7i}^^^ := 1Z^^''^'^(^q^A. 

Put 1Z\ := no<s5;r'^A^^ and TZa '■= Uo<r'7^A- 

Let k' be the residue field of K^, with F' := W{k')[l/p]. Put ck ■= [K^ : F'J\. 
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For < s ^ r, we set TZ^'^'^^tck) to be the formal substitution of T by tik in the 
ring 7^^/'^'"/'^l; we set U^a'^^tik) := n^'^'-\7iK)^Q^A. We define 7^:4 (vTi^), 7^A(v^/f) 
similarly; the latter is referred to as the relative Robba ring over A for K. 

By the theory of fields of norms, there exists a constant C{K) > and, for any 
< r ^ C{K), we can equip 7^^(7r^) with a finite etale 7?,^(7rQp) algebra free of 
rank [Koo ■ Qp,oo] with the Galois group Hq^/Hk- More generally, for any finite 
extensions L ^ K ^ Qp, we can naturally equip 7^^(77^^) with a structure of finite 
etale 7?.^(7ri^)-algebra free of rank [Loo : -^oo] with the Galois group Hk/Hl for 
any < r ^ mm{C{K),C{L)}. 

There are commuting A-linear actions of on TZ^^'^^ttx) and of an operator 

(fi : 7^5'''(7^i^) ^ for < s S r S C{K). The actions on the 

coefficients F' are the natural ones, i.e. through its quotient Gal(F'/F) and 
If by the canonical lift of p-th Frobenius on k'. For < s ^ r ^ C{K), if 

makes 71^^^^'^^^\ttk) into a free 7^|^'^'(7ri^)-module of rank p, and we obtain a F^- 

equivariant left inverse ip : 'R^^^^''^^^\ttk) — ^ '^^'"'(^-f^) by the formula ^'P^'^ ° 

Tr^[s/p,r/p]^^^^^^^^[s,r]^^^^j^. The map ip naturally extends to the maps TZ^/^Ittk) 

TVj^(tik) for < C{K) and 7^A(v^i^) ^ 7^A(7^;^). 

Remark 2.1. In fact, these rings are constructed using Fontaine's rings of p-adic 
periods. We don't have any canonical choice of the parameter ttk for general K, 
but the ring 1Za{j^k) and the actions of Vk don't depend on the choice of t^k- 
More precisely, TZ^ttk) is defined as a subring of the ring B^^g of p-adic periods 
defined in |Ber02] . and this subring does not depend on the choice of vr^, and the 
actions of ip, F^ is induced by the natural actions of p, Gk on Bjjg. 

However, for unramified K, once we fix a Zp-basis ( := {Cp"}n^o of Zp(l) : = 
^m y^fip", we have a natural choice of tt^ as follows. Let Zp be the integral 

closure of Qp, and let E"*" := hm Zp/pZp be the projective limit with respect to 

p-th power map, and let [— ] : — t- Vr(E+) be the Teichmiiller lift to the ring 
W^(E+) of Witt vectors. Under the fixed we can choose tck = ttq^ = vr^ := 
[(Cpn)„^o] - 1 e W{E+) C Bjig, and then if and Fq^ act by (/^(tt^) = (1 + Tr^)^ - 1 
and 7(vr^) = (1 + rct^)^^^^ - 1 for 7 G Fq^^. 

Notation 2.2. From §3, we will concentrate on the case where K = Qp and fix 
C •= {Cp"}n^o as above. Then, we use the notation F := Fq^, vr := vr^ and omit 
(ttq ) from the notation of Robba rings by writing, for example, 7?.|^'^' instead of 

TZ^^^ttqJ. In this case, TZ^f'^^^^ = ©o^.^p-i(l + v^)V(7^t'■^), so if / = + 
7r)V(/j) then il>{f) = fo- We define the special element t = log(l + vr) G TZ^ - We 
have p(t) = pt and •yit) = x{l)t for 7 e F. 

7 



We first recall the definitions of yj-modules over TZa{'^k) following Definition 
2.2.5 of |KPX12] . 

Definition 2.3. Choose < ro ^ C{K). A y^-module over 1V^{txk) is a finite 
projective 7?.^ (vr^s-) -module equipped with a 7^^''^(7rii:)-linear isomorphism 
V9*M^o ^ M^'o ®7^2'(7rx) '^^''^(Tr/f). A (/^-module M over 7^A(v^ii-) is a base change 
to 7^.^(71/^) of a v9-module over some TV^^-kk)- 

For a (^-module Afo over 7?.^(7r/^) and for < s ^ r ^ Tq, we set M^'*''"! = 
^'"®7^2'(.k)^a''^(^^) and = M'•o®^^,(^^)7^^(7^^). For < s ^ tq, the given 
isomorphism Lp*{M'^'°) ^ iVf induces a y9-semilinear map Lp : — )■ Lp*M^ ^■ 
(^W^o ®7e^o/P(^^) ^^''(^/c) ^ M'-^^P ^n'-f^in^) '^T^t^k) = M'/p, where the first 

map M' ^ ip*M' is given by x ^-> x ® 1 G ®n-^{^K),v T^Ti^K) =■ ^*M' 
and the second isomorphism is just the associativity of tensor products and the 
third isomorphism is the base change of the given isomorphism y9*M'"" -H- M^^/p. 
This map <p also induces an A-linear homomorphism ip : M^/p = Lp{M^) '^^('r,\{ttk)) 
T^Ti^K) given by ip{(p{m)®f) = m^i/j{f) for m e and / G 7^^/^(7^^). 

For a (^-module M over TZaItik), the maps Lp : M" M'/p and : M'/^ 
naturally extend to V9 : M — )■ M and ip : M ^ M. 

We recall the definition of r)-modules over TZa{t^k) following Definition 
2.2.12 of |KPX12] . 

Definition 2.4. Choose < ro ^ C{K). A F) -module over 7^^°(7^/^) is a 
(f-modvAe over 7^^(7ri^) equipped with a commuting semilinear continuous action 
of Tk- a (y), F)-modules over TlAi'n'K) is a base change of a (v?, F)-module over 
7^^°(7^i^) for some < ro ^ C{K). 

We can generalize these notions for general rigid analytic space as in Definition 
6.1.1 of |KPX12] 

Definition 2.5. Let X be a rigid analytic space over Qp. A [ip, F)-module over 
TZx{t^k) is a compatible family of (y?, F)-modules over 7^yi(7rx) for each affinoid 
Max(A) of X. 

For {ip, r)-modules M, over 7^x(v^x). We define M®N := M ^Hxi-r^K) ^ 
the tensor product equipped with the diagonal action of {ip^VK)- We also define 
:= Hom7j^^(^j^)(M, 7^x(7rii')) for the dual r)-module. 

For a (v?, F) -module M over 7^A(7r_ft:). We denote tm '■= rank7e^(^^)M G Map( 
Spec(7^A (TTic)), Z;>o) for the rank of M, where Map(— , — ) is the set of continuous 
maps and Z^q is equipped with the discrete topology. We will see later (in Remark 
I2.15P that Tm is in fact in Map(Spec(74), Z^o); i-e we have tm = W° /m for unique 
fu £ Map(Spec(y4), Z^o)) where pr : Spec(7^A(7rE')) — )■ Spec(74) is the natural 
projection. We also denote by tm '■= fu- 

The importance of (y?, F)-module follows from the following theorem. 
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Theorem 2.6. (Theorem 3.11 of j KLlOj ) Let V be a vector bundle over X equipped 
with a continuous Ox-Hnear action of Gk- Then there is functorially associated to 
V a {if, V) -module Drig(V^) over 71x{t^k)- The rule V (-)■ Dj.ig(l^) is fully faithful 
and exact, and it commutes with base change in X . 

For example, we have a canonical isomorphism T)^ig{A{k)) = 7^^(7rx)(A;) for 

k ez. 

From §3, we concentrate on i^' = Qp and rank one r)-modules over TZx- 
Here, we recall the result of jKPX12] concerning the classification of rank one 
{ip, r)-modules. Actually, they obtained a similar result for general K, but we 
don't recall it because we don't use it. 

Definition 2.7. For a continuous homomorphism 6 : — )■ r(X, Ox)^ , we define 
7lx{S) to be the rank one {ip, r)-module TZx ■ gs over Tlx with ip{es) = S{p)es and 
7(65) = 5(x(7))e5 for 7 G F. 

Theorem 2.8. (Theorem 6.1.10 of |KPX12j ) Let M be a rank 1 {ip,T)-module 
over TZx- Then, there exist a continuous homomorphism 6 : — > r{X,Ox)^ 
and an invertible sheaf C on X , the pair of which is unique up to isomorphism, 
such that M ^ TZx{S) ®Ox 

Notation 2.9. i) For 5,5' : T{X,OxY, we fix an isomorphism TZx{5) ® 

TZx{,5') ^ TZx{55') by e^ ® e^, ^ e^y, and fix 7^x((5)'^ ^ 7^x('5"^) by e^ ^ e^-i. 

ii) For G Z, we define a continuous homomorphism x'^ : r{X,Ox)^ '■ 

y h-). y''. Define |x| : T{X,Ox)^ ■ p p~^,a h-)- 1 for a G Z^. Then, 

the homomorphism x\x\ corresponds to Tate twist, i.e. we have an isomorphism 
TZx{l) -> TZx{x\x\). When we fix a generator ( G Zp(l), we identify TZx{l) = 
TZx{x\x\) by ei t-^ e^i^,]. 

We next recall some cohomology theories concerning {(f, r)-modules. Denote by 
A for the largest p-power torsion subgroup of F^^. Fix 7 G F^ whose image in 
Fx/A is a topological generator. For a A-module M, put = {m G M\a{m) = 
m for all a G A}. 

Definition 2.10. For a (9?, F)-module M over TZa{t^k)i we define the complexes 
C* ,^(M) and C* ,^(M) of A-modules concentrated in degree [0,2], and define a 
morphism m between them as follows: 



(2) 



M 



id 



ide-V' 



The map m is quasi- isomorphism by Proposition 2.3.4 of |KPX12j . 
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For i G Z^O) define H^ ,^(M) for tlie z-tli coliomology of C* ,^(M), called the 
r)-cohomology of M. We similarly define H^^(M) to be the i-th cohomology 
of C*^(M), called the (^Z', r)-cohomology of M. In this article, we freely iden- 
tify ,^(M) (respectively ff^,^(M)) with C; ,^(M) (respectively H^,^(M)) via the 
quasi-isomorphism "^m- 

More generally, for h = ip^ip and any module with a commuting actions of 
h and F, we similarly define the complexes C*^(A^)and denote the resulting co- 
homology by }1\,^{N). We denote [x,y\ G Yi\^^{N) (respectively [z] G H^_^(A^)) 
for the element represented by a one cocycle (x, y) G A^'^ © A^'^ (respectively by 
z G N^). The functor i— )■ C*^(A^) from the category of topological A-modules 
which are Hausdorff with commuting continuous actions of to the category 

of complexes of A-modules is independent of the choice of 7 up to canonical iso- 
morphism, i.e. for another choice 7' G F^^, we have a canonical isomorphism 

(3) 

C-^,(iV)= [ATA N^®N^ C^-^W-y)^ ^A]_ 

For a commutative ring R, let denote D^(i?) for the derived category of bounded 
below complexes of i?-modules. We use the same notation C*^^{N) G D~{A) for 
the object represented by this complex. 

Let V" be a finite projective A- module with a continuous A-linear action of Gk- 
Let denote C'^j^^{Gk,V) for the complex of continuous Gi^f-cochains with values 
in V, and denote W{K,V) for the cohomology. By Theorem 2.8 of |Pol3aj . we 
have a functorial isomorphism 

in T)~{A) and a functorial A-linear isomorphism 

Definition 2.11. For (y), F)-modules M,N over 7?.A(vr/^), we have a natural A- 
bilinear cup product morphism 

c;,(M) X c;,(Ar) -> c;,(M ® AT), 

see Definition 2.3.11 of |KPX12] for the definition. This induces an A-bilinear 
graded commutative cup product pairing 

U : H;_^(M) X R^^^iN) H;+^-(M ® N). 

For example, this is defined by the formulae 

X U [y] := [x ® y] for i = 0, j = 2, 

[xi,yi] U [x2, 2/2] := [Vi © ^{x2) - Xi (g) 7(7/2)] for i = j = 1. 
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id 



7-1 * 



3id 



7-1 
7-1 



Definition 2.12. Let denote by M* := M^(l) for the Tate dual of M. Using the 
cup product, the evaluation map ev : M* ® M — )■ 7^yi(7ri^)(l) : / ® x (-)■ f{x), the 
comparison isomorphism B.'^ {K , A{1)) — )• }1'^ ,^{71a{ttk){^)) and the Tate's trace 
map }P{K,A{1)) ^ A, one gets Tate duality pairings 

c;,(M*) X c;,(M) ^ c;,(M* ® M) 

^ C;,(7^^(7^^)(l))) ^ ,(7^^(v^;,)(l))[-2] 
^H2(i^,A(l))[-2] ^ A[-2] 

and 

<-, ->:H;_^(M*)xHJ7;(M)^A 

Remark 2.13. In the appendix, we explicitly describe the isomorphism ^(7^.^(1)) 
^ IP{Gqp, A{1)) ^ A using the residue map; see Proposition 14.261 

One of the main results of |KPX12j which is crucial to formulate our conjecture 
is the following. 

Theorem 2.14. (Theorem 4.4.3, Theorem 4.4.4 of |KPX12] ) Let M be a (<^,r)- 
module over TZ aIitk) ■ 

(1) C' ,^(M) G Dpg^l(yl). In particular, the cohomology groups H^,^(M) are 
finite A-modules. 

(2) Let A A' he a continuous morphism of Qp-affinoid algebras. Then, the 
canonical morphism C^ ,^{M)®\A' — )• C* ,^(M(8)^A') is a quasi-isomorphism. 

In particular, if A' is flat over A, we have W^^^{M)®a^' -> H^,7(^®a^')- 

(3) (Euler characteristic formula) We have xa{C^^{.M)) = —[K : Qp] ■ tm- 

(4) (Tate duality) Tate duality pairing defined in Definition \2.1^ induces a 
quasi-isomorphism 

C;,(M) ^ RHom^(C;,(M*), A)[-2]. 

Remark 2.15. By the equality of (3) of the above theorem, the rank tm G 
Map(Spec(7^A(7ri^)), Z;>o) is contained in Map(Spec(A), Z^o)- 

Let X be a rigid analytic space over Qp and let M be a (y?, r)-module over 
TZx{t!'k)- By (1) and (2) of the above theorem, the correspondence U i— )■ W^^^{M\u) 
for each afiinoid open U in X defines a coherent Ox-module for each i G [0, 2], for 
which we also denote by H^ ,^(M). 

2.2. Bloch-Kato exponential for ((^9, r)-modules. In §2 of |Nal3] . we devel- 
oped the theory of Bloch-Kato exponential purely in terms of {(p, r)-modules over 
Robba ring. This subsection is a complement of §2 of |Nal3] ; we recall the defini- 
tions of Bloch-Kato exponential and the dual exponential for {ip, r)-modules over 
the ( relative ) Robba ring, and we slightly generalize the results of |Nal3j . which 
are needed to formulate our conjecture in the next section. 
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Define n{K) ^ 1 to be the minimal integer n such that ^ ^ CkC^K), 

and put TZ^^\7rK) = V}J^^ ^'^\'^k) for n ^ n{K). For n ^ n{K), one has a 
F/f-equivariant yl- algebra homomorphism 



such that 



f-ni'T^) = Cp"exp(^) - 1 and t„(a) = "(a) (a e F'). 
For n ^ n{K), we have the foUowing commutative diagrams: 

V can V ^Trx„_^i/K„ 

where can is the canonical injection and Y^K^+i/Kn is defined by 

fc^O fc^O ^ 

Let M be a (y?, r)-module over IZAijK) obtained as a base change of a ((Z', F)- 
module over 7V^{tik) for some < ro ^ c(iir). Define n(M) e to 
be the minimal integer such that l/p""^ ^ e^ro- Put M(") = MV(p""'^^f) for 
n ^ n(M), then and V induce : M(") M("+i) and V' : M("+i) M(") 
respectively. Define 

D+f^jM) = M(")®^^„)(^^)_^Jir„®Q^A)[[i]] (respectively Ddif,„(M) = D+.f_jM)[l/i]), 

which is a finite projective {Kn ®Qj, A)[[t]]-module (respectively {Kn A){{t))- 
module ) with a semilinear action of Vk- We also denote t„ : M^") D^j^ ^(M) 
for the map defined hj x ^ x ® 1. 

Using the base change of the Frobenius structure i^*M^^^ ^ M^'^^^'^ by the map 
in+i-i we obtain a Fj^-equivariant (ii'n+i <8)Qp A)[[i]]-linear isomorphism 

Using this isomorphism, we obtain F^^-equivariant (ir„(8)Qp^)[[i]]-linear morphisms 

can : D+,^JM) D+,_JM) (i^n+i ^ D+,_„^,(M) 

and 
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These naturally induce can : Ddif,„(M) Ddif,„+i(M) and jTrK„+i/x„ : Ddif,n+i(M) 
Ddif,n(-^), and we have the following commutative diagrams: 

Put D^+f) (M) := lii^^^^(^) D^+JjM), where the transition map is can : Dg„(M) ^ 

Ditf!n+i(^)- Then, we have bI;^,\m) = D^+JjM) (i^oo 
for any n ^ n(M), where we define {K^ <S)q^ ^)M\ = U^^i(X^ (g)Qp 

For an A [Fi^-] -module N, we define a complex of A-modules concentrated in 
degree [0, 1] 

C'(iV) = [iV^ ^ AT^] 

and denote W^{N) for the cohomology of C*{N). If is a topological HausdorfT 
^4- module with a continuous action of F^, the complex C'{N) is also independent 
of the choice of 7 up to canonical isomorphism. 

Let M be a (ip, F)-modules over 7^A(7^i^). For n ^ n(M) and Mq = M, M[l/t], 
we define a complex C* .^(M^"^) concentrated in degree [0.2] by 

C;,,{Mlr^) := [M^")'^ (-r-mi^-il ^(n)A ^ ^(n-,i),A (<^^i)e(i-oO^ M^^'^'^ 

Of course, we have lin^^^ C'^fMp"^) = C* ,^(A'/o), where the transition map is the 

natural one induced by the canonical inclusion Mq"-* Mq"~^^^ . We define another 
complex 

where the transition map is the natural one induced by ip : iV^"^ ^ M(S"+^\ We 
similarly define C^'^^'*(Mo) := lim C'(Mo^"^) and denote R^^};\Mo) (respectively 

E.^f'\Mo)) for the cohomology of Cj^|'(Mo) (respectively C^'^^''(Mo)). For n ^ 
n(M), we equip C*(Mo"^) with a structure of a complex of F- vector spaces by ax :— 

^"(a)x for a e F,x e C;(M^''^). Then, C^^^'*(Mo) (respectively R^^^'\Mo)) is also 
naturally equipped with a structure of a complex of F-vector spaces (respectively 
a F-vector space). 
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By the compatibility of ^ : M^") ^ M("+i) and can : D+j ,^(M) D+f^^^^(M) 
with respect to the map t„ : M*^") — )■ Djjf^(M), the map i„ induces canonical 
maps 

i : C('^)'*(M) ^ C;(D+f(M)) and 6 : C('^)''(M[l/t]) -> q(Ddif(M)) 
which are F (^q^ A-linear. 

Lemma 2.16. For n ^ ?2(M), ^/ie natural maps 

for Mq = M,M[l/t] which are induced by (f are quasi-isomorphism. Similarly, the 
maps 

q(DSn(M)) q(DW(M)), q(M(")) ^ C(-)'-(Mo) 

and ^ 

/or Mo = M,M[l/t] are quasi-isomorphism. 

Proof. The latter statement is trivial if we can prove the first statement. Let's 
prove the first statement. We first note that 7 - 1 : (Mq^'^V"" (M^^V"" is 
isomorphism for n ^ n{M) + 1 by Theorem 3.1.1 of |KPX1 2j ( precisely, this fact 
for Mq = M[l/t] follows from the proof of this theorem). Taking the base change 
of this isomorphism by the map t„ : TZ^^\'Kk) {Kn ^)[[t]\^ we also have 
that 7 - 1 : (Di,+yM))p^''^"/^"-i=° ^ (D^+yM))p^''^"/^"-i=° is isomorphism 
for n ^ n(M) + 1. Using these facts, we prove the lemma as follows. Here, 
we only prove that the map C'{Mq"'^) C*{Mq"'~^^^) induced by if : Mq"^ 
^^n+i) quasi-isomorphism for n ^ n{M) because the other cases can be proven 
in the same way. Because we have a F^^-equivariant decomposition Mq^~^^^ = 
<^(M(S"^) © (M(5"+^y=o, we obtain a decomposition C«(M(5"+^^) = ip{C'{M^"^)) © 
C'((M^"+^y=°). Because the complex C«((M^''+^y=0) is acychc by the above 

remark and ip : Mg^"^ ^ M^""^^^ is injection, the map ip : C;(Mo^"^) ^ C;(M(S"+^^) 
is quasi-isomorphism. 

□ 

For another canonical map C;(M^"^) ^ C'{Mo) which is induced by the canon- 
ical inclusion M*^"^ M , we can show the following lemma. 

Lemma 2.17. For n ^ n(M) and Mq = M, M[l/t], the inclusion 
induced by the canonical inclusion Mq"^ Mq is isomorphism. 
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Proof. It suffices to show that H°(Mq ) H5J(Mq ) is isomorphism for each 
n ^ n{M). We ffist prove this claim when A is a finite Qp-algebra. In this case, 
we may assume that A = Qp. Because we have an inclusion t„ : H5J(Mq"'') ^ 
II°(Ddif(M)) and the latter is a finite dimensional Qp- vector space, H°(Mq"^) is 
also finite dimensional. Because if : C*(Mq"'') — )• C'{Mlf'~^^^) is quasi- isomorphism 
for n ^ n{M) by the above lemma, we obtain an isomorphism if : B.^{Mq^^) ^■ 
H^J(Mq"^^^). In particular, the dimension of H°(Mq"'') is independent of n ^ n(M). 

Hence, the canonical inclusion H^(Mq"^) ^ H°(Mq"^^'') is isomorphism. 

We next prove the claim for general A. By Lemma 6.4 of |KL10j . there exists 
a strict inclusion A nf=i of topological rings, in which each Ai is a finite 
algebra over a completely discretely valued field. If we similarly define the rings 
TZ^^^ {it x), TZaX'^k), we can generalize the notions concerning (99, r)-modules for 
7?.Ai(vrx). In particular, the above claim holds for Mo,i := Mo®A^i for each i. 
Consider the following canonical diagram of exact sequences, 

> M^"^ y M^"+') > Mi"+'V^4"^^0 

— > nliMg) — > nliM£+^) — > nil m^+^Vm^? ^ 0. 

If we can show that the right vertical arrow is injection, then the claim for A 
follows from the claim for each Ai by a simple diagram chase. To show that 
the right vertical arrow is injection, we may assume that M = TZa{t^k) be- 
cause M^"^^ is finite projective over 1Z^2\'^k) for each n. Then, the natural map 
7^^+^VK)[l/^]/7^!^Vi.)[lA] nli<^'Vi.)[lA]M?(vri.)[l/t] is injection 
because the inclusion A nj=i ^« strict, which proves the claim for general A, 
hence proves the lemma. 

□ 

Remark 2.18. The author doesn't know whether the natural map H^(Mq'^'') — )■ 
H^(Mo) induced by the canonical inclusion Mq"^ Mq is isomorphism or not. 

For the r)-cohomology, we can prove the following lemma. 

Lemma 2.19. (1) For n ^ n{M) and for Mq = M, M[l/t], the map 

(n) 

induced by the canonical inclusion Mq Mq is quasi-isomorphism. 
(2) In T)~{A), the isomorphism 

c;^,{Mo) ^ CS''(Mo) 
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which is obtained as the composition of the inverse of the isomorphism 
^;,7(^o"^) ^ C';^(Mo) m (1) with the isomorphism C^^^iM^""^) ^ cS''(A^o) 
in Lemma \2.1(A is independent of the choice of n ^ n{M). 

Proof For n ^ n(M), we define a map /. : C7;^(M^")) ^ C7;^(M^"+^^)[+l] 
by /i : m(")'^ © M^"-*-^)'^ m("+^)'^ : (a:,y) y, and i 3("+^)'^ ^ 
^^n+i),A^j^^^n+2),A . ^ (^3,^ g) . This gives a homotopy between : C; .^(Mg^"^) 

C'; ,^(M^"+^^) and can : C;_^(M^"^) ^ 5^ ,^(M^"+^^) induced by the canonical in- 
clusion M^"^ ^ mI^'^^I Hence, can : ^^.^(M^"^) ^ (7; ,^(M^"+^^) is also isomor- 
phism by Lemma and the map C** ,^(Mg"'') — )■ C*^^{Mo) is also isomorphism 
by taking the limit, which proves (1). 

In a similar way, we can show that the map can : c!^y*{Mo) — )■ cl^]'*{Mo) 
induced by the canonical inclusions can : M^"^ ^ M^^^^^ for any n ^ n(M) 
is homotopic to the identity map. Hence, we obtain the following commutative 
diagram in Y)~{A) for any n ^ n(M), 

can id 

from which we obtain the second statement in the lemma. 

□ 

We define a morphism 
in D^(y4) as the composition of the isomorphism C* AMq) ^ C<^f-]'*(Mo) in the 



above lemma (2) with the map C^^I'(Mo) -> C^^^''(Mo) which is induced by 



id 



(a;,y)i— 



We define 
We denote 



g : C;^(M) 4 C(^)'-(M) 4 q(D+f(M)). 
can:C('^)'*(Mo)^C(^)'*(Mo) 



for the map induced by the canonical inclusion can : Mq^") ^ iv4"+'^ for each 
n ^ ?T,(M). Under these notations, we prove the following proposition, which is a 
modified version of Theorem 2.8 of [Nal3j . 
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Proposition 2.20. We have functorial two distinguished triangles (horizontal 

ones) and the map from the above to the below: 

(4) 

c;^,{M[i/t])®c;{BUM)) ^ c;(Ddif(M)) in 



id 



/eid 



di{x) = {x,g{x)), d2{x,y) = g{x) -y, 



with 



and 



dsix) = if{x),g{x)), d^{x, y) = ((can - l)x, g{x) - y). 



Remark 2.21. In §2 of |Nal3] . we essentially proved that the above horizon- 
tal line in this proposition is distinguished triangle. For the application to the 
local e-conjecture, we also need the below triangle, which involves D^jg(M) : = 
H°(M[l/t]). 

Proof. ( of Proposition 12.201) We first show that the above horizontal line in the 
proposition is a distinguished triangle. Actually, this is the content of Theorem 
2.8 of |Nal3j . but we briefly recall the proof because we also use it to prove that 
the below line is a distinguished triangle. In this proof, we assume A = {1} for 
simplicity; the general case just follows by taking the A-fixed parts. 
For n ^ n(M), we have the following exact sequence of A- modules: 

(5) ^ M(") ^ M(") [l/t] © n Di,^(M) ^ U,^o n ^D+,^(M) ^ 
with 

Ci(x) = (X, {Lm{x))m^n) and C2{x, {ym)m^n) = {Lm{x) - ym)m^n 

by Lemma 2.9 of |Nal3j ( precisely, we proved it when A is a finite Qp-algebra, 
but we can prove it for general A in the same way). For n ^ n{M) and /c ^ 0, we 
define a complex C* ^(^D^j^ ^(M)) concentrated in degree in [0,2] by 
(6) 

tn r^^kJM) ^ n ^^kJM)® n T^^kJM) ^ n ^^kjm 

with 

^o((*^m)mSi?i) (((T l)'^m)mS;n) (-^m— 1 ■^rri)m^n+l) 

and 

b\{^{XYn)rri^n^ (2/m)m^n+l) (("^m— 1 •^m) (T l)Z/m)mS!n+l ■ 
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Put C;^(Ddif,„(M)) = Ufc^oC;^(^D+f „(M)). By the above exact sequence ©, 
we obtain the following exact sequence of complexes of A-modules: 

^ c;,(M(")) ^ c;,(M(")[i/t]) © c;,(D+f^jM)) ^ c;,(Ddif,„(M)) ^ o. 

Moreover, the map C'(D+f „(M)) ^ (7* ^(D+j „(M)) which is defined by 
(8) 



^'-^((^)m>n.O) 



and the similar map C'(Ddif,„(M)) — > C* ,y(Ddif,„(M)) are easily seen to be quasi- 

isomorphism because we have the following exact sequence 

(9) 

^ (M) n n dW .(M) ^ 0. 



Put C;,(D^r/(Af)) := hi^^^^. C;,(D^r,;jM)) where the transition map a' : Cl^,{^% 
(M)) ^ C;,(D(tfUi(M)) 'is defined by 

((3^m)m^n) (•^m)m^n+l) (('^m)m^ra? (2/m)m^n+l) ( ('^m)m^n+l ; (2/m)m^n+25 

and 

We also define cS''(dJi+^(M)) := lii^^ C;_^(d[i+J„(M)) where the transition 
map a'* is defined by 

'3' ((3^m)m^n) ('^'m— 1 )m^n+l ) CI- ((3;m)m,^n) (2/m)m^r),+ l) ( (^^m— l)m^n+l ; (Z/m— l)m^n+2) ; 

and 

Then, it is easy to see that quasi-isomorphism C*(D^^^^(M)) ^ C* ,^(D^^^^(M)) 
defined in ^ is compatible with the transition maps C'(Di+^„(M)) C*(Dj,|f^„_^i(M)), 
a* and a'*, hence induces quasi-isomorphisms 

(10) q(Di^(M))^5;,(Di^(M)) and q(DW(M)) ^ Cg'-(Di+)(M)). 
For C(^f')'*(D^^^(M)), we also have a left inverse 

(11) ^i!?'-(DW(M)) ^ q(D(^ (M)) 
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of the above quasi- isomorphism C'(D^+^(M)) ^ C^^^''(Di+^(M)) which is ob- 
tained as the hmit of the map 



Taking the hmits of the map (7;,^(M(")) ^ C^;,^(D+f JM)) : x ^ {iMU^no 
{riQ = n,n + 1), we obtain the following maps 

(12) C;,(M) ^ 5;,(D+f(M)) and C(^'-(M) ^ C(^'-(D+,(M)). 

Taking the limit of the exact sequence ([7]) with respect to the transition map 
induced by the canonical inclusion Mq"'' Mq"'*'^'' and a,, and taking the quasi 
isomorphism C'(D[itf^(M)) ^ (5* ,^(D[itf^(M)) in we obtain the following 

exact triangle which is the top horizontal line in the proposition 

c;,,{M) ^ c;^,{M[i/t]) © q(D+,(M)) % q(Daif(M)) in . 

On the other hands, because we have 

C;^(M(")[l/t]) = Cone(l - ^ : q(M(")[l/t]) -> q(M("+i)[l/t]))[-l] 

for n ^ n(M) (where we define Cone(/ : M' A^')[-l]'^ = M" © A^"-^ and 
d : M"©A^"-i ^ M"+i©A^" : (x, (c^Af (a;), -/(x) - djv(2/))), taking the limit 
of the exact sequence ([7]) with respect to the transition map induced by (p : Mq"^ 
M^"+^^ and a'„ and taking the left inverse Cjf|*(D[j+^(M)) ^ C;(Di+^(M)) in 

(HI]), and identifying C;^^(M) ^ CS"(M) by Lemma [2111] (2), we obtain the 
following exact triangle which is the bottom horizontal arrow in the proposition 

c;,(M) ^ c('^)'-(M[i/t]) ©q(D+,(M)) c(^)'-(M[i/t]) ©q(Ddif(M)) iiil> 

with d^i^x) = {f{x),g{x)) and d4{x,y) = ((can — l)(x), (^(x) — y), which proves the 
proposition. 

□ 

We next recall some notions concerning the p-adic Hodge theory for {if, T)- 
modules over the Robba ring. For a {ip, r)-module M over 71a{t^k), let denote 



D^j,(M) := H;(Ddif(M)) and Di,(Mr := Dfj,(M) n f D+,(M) 
for z G Z. Let denote 



D,^JM) := H;(M[l/t]). 

By Lemma (2.161 ip : C*{M[l/t]) — t- C'{M[l/t]) induces a yj-semilinear automor- 
phism 



^ : D^JM) ^ D^JM). 
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More precisely, by Lemma [2.17[ we have Dcris(M) = H5J(M*^") and Lp induces 

an automorphism 9? : H°(M(")[l/t]) 4 H°(M("+i) = HO(M(")[l/t]) for n ^ 
n{M). Using these facts, we define an isomorphism 

ji : D,^JM) = H;(M(")[1A]) n H;(M(")[1A]) ^ '°(M[l/t]), 

which does not depend on the choice of n. Then, the map l 
C*(Ddif(M)) induces a F A-hnear injection 

^ : D,^is(M) ^ H(-)'°(M[l/t]) A T>UM). 
We define another isomorphism 

j2 : D^i,(M) ^ H(^)'0(M[l/t]) ^ H(^)'0(M[l/t]), 

where Hi'^^'°(M[l/t]) ^ Hi^^'°(M[l/t]) is the map induced by can : C^^^'*(M[l/t]) 
— )■ C^^'* {M\l/t\), which is isomorphism by Lemma |2.19[ Then, we obtain the 
following commutative diagram 

Hi^)'°(M[l/t]) Hi^)'°(M[l/t]). 

Let denote 

exp^ : D^r(M) ^ Hi,,(M), exp^,^, : D^JM) H(^)'°(M[l/t]) -> Hi,^(M) 

for the boundary maps obtained by taking the cohomology of the exact triangles 
in Proposition 12.201 We define 

Hi,,(M)e = Im(Di,(M) ^ 

and 

Hi„(M), = Im(D,^,(M) ©Df^(M) '^^^l:^!^ Hi,,(M)). 

We call the latter group the finite cohomology. Put tuiK) := Dfj^(M)/Dfj^(M)°. 
By Proposition 12. 2^ we obtain the following diagram of exact sequences 
(13) _ 

^ HO,^(M) ^ D^jM)-=i ^ tM(i^) ^ Hi,^(M), ^ 



id 



xi-)-(0,x) 



with 



d^{x,y) = ((1 - V5)a;, and 4 = exp^^^^ © exp^^-, 
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where we also denote expj^^ : tM^K) — > H^^(M) which is naturally induced by 
exp^ : Dfj,(M) -> Hi,^(M). 

By the proof of Proposition 12.201 we obtain the following explicit formulae of 
ex^M expj^i^, which are very useful in applications. 

Proposition 2.22. We have the following formulae. 

(1) For X G Dfj^(M), take x G M(")[l/t]^ (n ^ n(M)) stic/i i/iai 

imii)-xeB+,jM) 

for any m ^ n { such x exists by the exact sequence ((Sj) in the proof of 
Proposition I2.20p . Then we have 

expA,(x) = [(7 - 1)5, ((^ - 1)5] G Hi^^(M). 

(2) For X G D^ig(M), taA;e x G M(")[l/t]^ (n ^ n(M)) s«c/i that 

in{x) G D+.f_„(M) 

anc? 

k 

1=1 

for any k ^ 1( we remark that we have ip"'{x) G M^"'^l/t] by Lemma [2. 171 
anc? t/iflt such x exists by the exact sequence Then we have 

expj^,,ix) = [(7 - 1)5, (if - l)x + if^ix)] G Hi^,(M). 

Proof. These formulae directly follow from simple but a little bit long diagram 
chases in the proof of Proposition 12.201 For the convenience of the reader, we give 
a proof of these formulae. 

We first prove the formula (1). By the proof of Proposition l2.20[ the above exact 
triangle in this proposition is obtained by taking the limit of the composition of 
the quasi-isomorphism 

C;,(M(")) ^ Cone(C;,(M(")[l/t]©C;^(D+,„(M)) ^ 5;,(Ddif,.(M)))[-l] := C, 

( which is obtained by the exact sequence ([7]) ) with the inverse of the quasi- 
isomorphism 

:= Cone(C;,(MW[l/t] © q(D+,jM)) ^ q(Ddif,„(M)))[-l] ^ 
induced by by the quasi-isomorphism C*(D^^^^{M)) — )■ C'^^^(Dl^f\{M)) : x i— )■ 

{x)m^n of (do]). 

By definition of expjy/(— ), for x G H°(Ddif,„(M)), these quasi-isomorphisms send 
exp^(x) ( which we see as an element of iV- {C'^^{M^^^))) to the element [0, 0, x] G 
H^Q) represented by (0,0,x) G Ci,^(M(") [l/t])©Ci(D+f „(M))©CO(Ddif,„(M)). 
Take x G M^^^[l/t]^ satisfying the condition in (1), then it suffices to show that 
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[(7 - - l)x] G Hi(C' ,^(M("))) and [0,0, x] G H^iC') are the same element 

in B.^{Cl). By definition, [(7 — l)x, ((/? — 1)5;] is sent to 

[((7 - {if - {{Lm{{l - (im((v5 - l)x))m^n+l), 0] 

and [0,0, x] is sent to 

[0,0, 

in H^(C[), both are represented by elements of C7^ ,^(M(")[l/t])©(5i .^(D+j „(M))© 

C° ,^(Ddif,n(^)) (we remark the sign; for / : C* — )■ -D*, we define D'^^ — )■ 
Cone(C" /^•)[-l] by X (-x, 0) and Cone(C" ^ i:'')[-l] ^ C is defined by 
(x,j/) I—)- y). Then, it s easy to check that the difference of these two elements is 
the coboundary of the element 

which proves (1). 

We next prove (2). The below exact triangle in Proposition 12.201 is obtained 
by taking the limit of the composition of the quasi-isomorphism C* ^(M*^"^) ^ C[ 
defined above with the quasi-isomorphism 

CI ^ Cone(C;^(M(")[l/t]) © q(D+,^„(M)) ^ q(Ddif,„(M)))[-l] := 

induced by the map Hm^n Ddif,m(^) ^ D+f „(M) : {xm)m^n Xn, with the 
inverse of the quasi-isomorphism 

^ Cone(q(M('^)[l/t]) © q(D+,„(M)) 

^ q(M("+i)[l/t]) © C;(Ddif,„(M)))[-l] := C: 
which is naturally obtained by the identity 

C;^(M(")[l/t])) = Cone(q(M(")[l/t]) ^ q(M("+i)[l/t]))[-l]. 

For x' G HO(M("+i)[l/t]), the image of x' by the first boundary map of the cone 
C* is equal to [0, 0, x', 0] G }i^{Cl) which is represented by the element (0, 0, x', 0) G 
Ci(M(")[l/t]) © Ci(D+f^jM)) © CO(M("+i)[l/t]) © CO(Ddif,„(M)). Take x' G 

M(")[l/t]^ such that i„(x') G D+f_„(M) and that i„+fe(x') - Eti ^ 

^dif n+ki^) ^ = 1; then, by definition of the map j2 : D^jg(M) ^ 

H^'^'*'°(M[l/t]) and expj^^, it suffices to show that the element [(7 — l)x',{(p — 

l)x' + x'] G H1(C;_^(m'("))) is sent to [0,0,x',0] G Hi(C«) by the above quasi- 
isomorphisms. By definition, the element [(7 — l)x', {(p — l)x' + x'] is sent to 

[(7 - l)x', .„((7 - l)x'), (v? - l)x' + x', 0] G E\Cl) 
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by the above quasi-isomorphism. Then, it is easy to check that the difference of 
this element with [0, 0, x', 0] is the coboundary of the element 

which proves the formula (2). 

□ 

We next generalize Bloch-Kato duality concerning the finite cohomology for 
{if, r)-modules. Let L = A he a. finite extension of Qp, and let M be a [if, F)- 
module over 1Zl{tik)- We say that M is de Rham if the equahty dimxD|^(M) = 
[L : Qp] ■ tm holds. When M is de Rham, we have a natural L-bilinear perfect 
pairing 

(14) [-, -U : DfK(M*) X DfR(M) i^i^^l^^ ^^^{71,(1)) 

1 fei^[K^(id®tr^/<Q)p)(a) 
= L (g)Q^ K-Bi ¥ L, 

V 

which induces a natural isomorphisms 

Dfj,(M) ^ B^^iMr and B^^{Mf ^ tM*{KY . 

Proposition 2.23. Let L = A be a finite extension ofQp, and let M be a de Rham 
{ip,r)-module over 1Zl{t^k) ■ Then, H^,^(M*)/ is the orthogonal complement of 
H^ ,^(M)/ with respect to Tate duality pairing <, >: H;^ ,^(M*) x H^ ,^(M) L. 

Proof. We remark that we have dimiH;J, ,^(M)j = d\mL{tM{K)) + dim^H^ ,^(M) 
by the below exact sequence of f[T^ . Using this formula for M,M*, it is easy to 
check that we have dimLH^,^(M)/ + dim^H;^ ,^(M*)/ = dimLH;^,^(M) under the 
assumption that M is de Rham. Hence, it suffices to show that we have < x,y >= 
for any x G H;J,^(M*)/ and y G Hj,^(M)/ by comparing the dimensions. By 
definition of B.^^{—)f, this claim follows from the following lemma [2.241 

□ 

Let M be a (yj, F) -module over 7^^(71;^) (we don't need to assume that M is 
de Rham). Using the isomorphism j2 : D^ig(M*) -¥ H^'^^'°(M*[l/t]), define an 
y4-bilinear pairing 

hh, -) : (D,^JM*) © B^^iM*)) x (H(^)'^(M[l/t]) © H^(D+f(M))) 

^ Ri^^'\M* © M[l/t]) © H^(Ddif(M* © M)) 

by 

h{{x,y),{[z],[w])) := {[j2{x)^z],[y^w]). 
Lemma 2.24. For {x,y) G Bf^^^{M*) © Dfj^(M*) and z G H^^^(M), u;e have 
f2{h{{x,y),g{z))) = (expf^M^x) + exp^^y)) U z e HJ_^(M* ©M), 
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where 

g : H;,,^(M) ^ 'i(M) © H^(D+,(M)) 

is induced by and 

f2 : 4^)'i(M* ® M[l/t]) © Hi(Ddif(M* ® M)) ^ Hj^^(M* © M) 
zs t/ie second boundary map of the below exact triangle of Proposition l272Ui 

Proof. The equality expM U z = f2{h {{0,y), g{z))) for y G DfR(M*), z e 
B.^^{M) is proven in Lemma 2.13 of |Nal3j . Hence, it suffices to show the equahty 

exp/,M(a;) U 2; = f2{h{{x, 0),g{z))) 

for X G D^ig(M*), whose proof is also just a diagram chase similar to the proof of 
Proposition \2.22\ hence we omit the proof. 

□ 

Finally, we compare our exponential map with Bloch-Kato exponential map for 
p-adic representations. Here, we assume that A = Qp for simplicity, we can do the 
same things for any L = A a. finite Qp-algebra. 

For an Qp-representation V of Gk, by Bloch-Kato |BK90j . we have the following 
diagram of exact sequences 
(15) 

^ HO(ir, V^) D^i3(F)^=i tviK) Rl{K, V) ^ 



id 



^ HO(K, V) D^JV) ^ D^JV) © tviK) H}(i^, V) ^ 

with 

d^{x,y) = ((1 — ^)x,x) and rfg = expj ^ © expy, 

which is associated to the exact sequences which is the tensor product of V ( over 
Qp) with the Bloch-Kato fundamental exact sequences 

> Qp B-^ © ^^^^^^ . 



id 



x^{0,x) 



> Qp ^ B,ris © B+j, ^ Bens © BdR > 0. 

We want to compare the diagram f lTSj) with the diagram f|T3|l for M = Di.ig(l^). 
More generally, as in §2.4 of |Nal3] . we compare the similar diagram defined below 
for a 5-pair W = (We, W^^) with the diagram f lT3|l for the associated {ip, F)- 
module J^rigiW). For the definitions of i?-pairs and the definition of the functor 
W I— J- Drig(iy) which gives an equivalence between the category of 5-pairs and 
that of {(p, F)-modules over TZ{ttk) which we don't recall here, see §2.5 |Nal3j and 
|Ber08a] . 
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Let W = (We,W'dR) be a 5-pair for K. Put W^ns ■= Bcris Ob^ W^e, which 
is naturally equipped with an action of (p. Because we have an exact sequence 

— )• B^~.^ — > Bcris Bcris — > 0, we have a natural quasi-isomorphism ( the 
vertical arrows) between the following two complexes of Gii:-modules concentrated 
in degree [0, 1] 



{x,y)^{x,y) 



Put 

ClontiGK, W) := Cone(C,V,(G^, W,) ® CI^Gk, W^^) ^ C,Vt(G/., W^j,))[-l] 
and 

We identify 

ff (K, H^) := H^)) = W)') 

by the above quasi-isomorphism. Put T)^^-^^{W) := H°(_ft', PVcris), D^(iy) := 
H°(/s:, WdR), and D^R(iy)* := T>^-^{W)nt'W^^ for z G Z. Taking the cohomology 
of the mapping cones, then we obtain the similar diagram of exact sequences as 
in f[T^ for W . By definition, it is clear that the diagram f lTS]) for the associated 
5-pair (y) := (Be V, B^j^ V) is canonically isomorphic to the diagram 
f[T^ for \^ defined by Bloch-Kato. 

Our comparison result is the following. 

Proposition 2.25. (1) We have the following functorial isomorphisms 

(i) ff(ir,l^)^H^,,(DrigW), 

(ii) ^ Dfj,(D„g(W^))^- for J G Z, 

(iii) ^ D,^jD„g(l^)). 

(2) r/ie isomorphisms in (1) induces an isomorphism from the diagram f llSp 
/or to t/ie diagram f fT3|l /or Di.ig(Vr). 

Proof. We already proved (i), (ii) of (1) and the comparison of the above exact 
sequence in (H^]) for with that in (IT^ for Di.ig(M^), see Theorem 2.21 of |Nal3j 
or the references in the proof of this theorem. 

Moreover, the isomorphism (iii) may be well known to the experts, but we give 
a proof of this because we couldn't find suitable references. In this proof, we freely 
use the notations in §2.5 |Nal3] or in |Ber08a] : please see these references. We first 
note that the inclusion (B+g[l/t] (g)B^ We)^'^ ^ D^ig(W^) induced by the natural 
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inclusion B^^g := Hn'^o'^'^ (Btris) ^ -^cris isomorphism because D^^^^iW) is a finite 
dimensional Qp-vector space on which ip acts as an automorphism. Moreover, in 
the same way as the proof of Proposition 3.4 of |Ber02] . we can show that the nat- 
ural inclusion (B+g[l/t] ^ej^'^ ^ (Bjig[l/t] ®'b,^ VFe)*^^ is also isomorphism. 
Because we have Bjig[l/t] We = Bjig[l/t] ®7^(.,,)[l/t] Drig(Vr)[l/t] by defini- 
tion of Di.ig(W^), it suffices to show that the natural inclusion D^ig(Drig(H^)) 
(B]!;g[l/t] ®7j(7rj^)[i/t] Drig(iy)[l/t])'^^ =: 1^0 is isomorphism. Moreover, it suffices 
to show that Do is contained in Drig(iy)[l/t]. This claim is proven as follows. De- 
fine 71{hk) ®fDq C Bjjg^iT'Do which are {ip, r)-module over TZ^hk) ( respectively 
Gii-)- module over B^jg). Then, by Theoreme 1.2 of |Ber09] . the natural map 

®7^(7rK)[l/t] Drig(W^)[l/t] : a^x ^ a - X (which is actually 
an inclusion) of (ty?, GA')-modules factors through TZ{txk) ®f Dq — )• Drig(iy)[l/t], 
in particular we have Dq C Di.ig(Vr)[l/t], which proves the claim. 

We next prove that the below exact sequences in ( IT5|) for W is isomorphic to that 
in ( 1T3|) for Di.ig(l^) by the isomorphisms in (1) of this proposition. Because the 
other commutativities are clear, or were already proven in Theorem 2.21 |Nal3] . 
it suffices to show that the following diagram commutes 

DL(Dng(W^)) ^^^^^ H^,,(D,ig(H^)) 
(16) 1^ 1^ 

In the same way as the proof of Theorem 2.21 [NalSj . we assume that A = {1}, 
and using the canonical identifications 

( where we denote by i? = (Be,Bjp^) for the trivial -B-pair), it suffices to show 
that, for a G D^^^^(Dj-ig(W)) , the extension corresponding to expj j-,^.^(j^-)(a) is 
sent to the extension corresponding to expj p^(a) by the inverse functor W{—) 
of Drig(— ). We prove this claim as follows. Take n ^ 1 sufficiently large such 
that a G (D^^l{W)[l/t]f'' . Take d G D^fg^fl/t] satisfying the condition in (2) of 
Proposition 12.221 By (2) of this proposition, then the extension Da corresponding 
to expy i5Hg(iy)(«) is written by 

[0 ^ Drig(iy) Drig(Ty) © 7^(7^^)e ^"'""^^"> ^ 0] 

such that 

'^{{x, ye)) = (^(x) + </?(y)((<^ - 1)5 + ¥?"(a)), <^{y)e) 

and 

7((^, ye)) = (7(0;) + 7(y)(7 - l{y)e) 
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(here, we remark that there is an mistake in |Nal3j : in the proof of Theorem 
2.21 of [NaTs] . Da should be defined by 

^{{x, ye)) = {ip{x) + (p{y){^ - l)a, (p{y)e) 

and 

ye)) = (7(0;) + 7(l/)(7 - 7(l/)e)). 
On the other hand, by definition of expj ^Y, the extension 

Wa := {W,,a, l^dla := W^K © B,VdR) 

corresponding to expj yj/(a) is defined by 

g{x,yedR) = {g{x), g{y)edK) 

for X G W^dR' 1/ ^ -^dR' 9 ^ ^^"i We,a is defined as the kernel of the following 
surjection 

W^cris,a : {x, yecris) ^ {{<^ " l)x + <^{y)a, {if - 1) 

on which Gj^ acts by (7(ecris) = Gens (actually, this is equal to the kernel of the 
surjection 

W^rig,a := PKig©B+g[l/t]ecris PV'rig.a : (x, 7/ecris) ^""^ ((</?- + </?(?/) a, (v3-l)?/eCTis) 

where we define Wrig := Bj;^g[l/t] ©b^ W^e) and the isomorphism BdR, ©Be W^e,a 
BdR ®B+^ ^dR is defined by 

BdR ©Be We,a = BjR ©BeHs ^cris.a > BdR ®^+^ W^^. 

Then, by definition of the functor Di.ig(— ) in §2.2 [ BerOSaj (where the notation 
D{-) is used), Bg" ©7^(n)(,^) J^^^iWa) is equal to 

(17) {x e B^;;- [1/t] ®Be We,a\imix) ^ l^dR.a any m ^ n}. 

Because we have Blf^"[l/t] ©Be W^e,a = Bj;;"[l/t] ©§+^[1/^] VTng.a, ¥^-™(ecris) = 

Gcris — SfcLi V^~'^('^) for m ^ 1 and we have Ln+k o y?" = ip"'', it is easy to see that 
the group f[T7|) is equal to 

Bji^" ©7^W(.,,) Dg(iy) © Bj;;"(a + ^'^(e„i,)), 

which is easily to seen to be isomorphic to bJ^^" ®'r.<-"'>{ttk)-^^^ ^ (v^' C/^-)- module. 
Therefore, we obtain the isomorphism 

DHg(lVa) ^ 

as an extension by Theoreme 1.2 of |Ber09j . which proves the proposition. 

□ 

27 



3. Local ^-conjecture for r)-]V[ODULES over the Robba ring 

From now on, we assume that K = Qp, and we freely omit the notation Qp, i.e. 
we use the notation F, TZa, DdR(M), Dcris(Af), etc instead of Fq^, TlAi'n'Qp), 
D^^(M), D^?g(M), ^^(Qp) ■ ■ ■ • Moreover, because Kato's and our conjectures are 
formulated after fixing a Zp-basis ( = {Cp"}ra^o of '^p{^)y "we also fix a parameter 
vr := vr^ of TZa and denote t = log(l + vr) as in Notation 12.21 

In this section, we formulate a conjecture which is a natural generalization of 
Kato's ( p-adic ) local e-conjecture, where the main objects were p-adic or torsion 
representations of Gq^, for (y?, F)-modules over the relative Robba ring TZa- Be- 
cause the article |Ka93b] in which the conjecture was stated has been unpublished 
until now, and because the compatibility of our conjecture with his conjecture is 
an important part of our conjecture, here we also recall his original conjecture. 

3.1. Determinant functor. Kato's and our conjectures are formulated using the 
theory of the determinant functor ( |KM76j ). In this subsection, we briefly recall 
this theory following |KM76j . §2.1 of |Ka93a] . 

Let i? be a commutative ring. We define a category Vr such that whose objects 
are pairs {L,r) where L is an invertible i?-module and r : Spec(i?) — > Z is a 
locally constant function, whose morphisms are defined by Mor-p^((L, r), (M, s)) : = 
lsomfi{L, M) if r = s, or empty otherwise. We call the objects of this category 
graded invertible i?-modules. The category Vr is equipped with the structure of a 
( tensor ) product defined by (L, r) ■ (M, s) := (L ®r M, r + s) with commutativity 
constraint (L,r)-(M, s) ^ (M, s)-(L,r) : l^m {—1^171^1 (locally) . The unit 
object for the product is 1r := (-R, 0). For each {L,r), let := IIomii;(L, i?), 
then (L,r)-i := {L'^, — r) is an inverse of (L, r) and one has an isomorphism ev : 
(L, r) ■ {L~^, — r) ^ 1r induced by the usual evaluation map L (^r RomR^L, R) ^ 
R : X ® f ^ f{x). For a ring homomorphism f : R ^ R', one has a base change 
functor (-) ^R R' -.Vr^ Vr' defined by (L, r) ^ (L, r) (^rR' := {L ®r R', r o /*) 
where /* : Spec(i?') ^ Spec(P). 

For a category C, denote by (C, is) for the category such that whose objects are 
the same as C and the morphisms are all isomorphisms in C. Define a functor 

Det^^ : (Pfg(i?),is) ^ Vr : P ^ (detfiP,rk^P) 

where rk^ : Pfg(P) ^ Z^o is the P-rank of P and detijP := A'^^'^P. Note 
that Det/j(0) = 1r is the unit object and one has for a short exact sequence 
— )■ Pi — )■ P2 — )■ P3 — of objects in Pfg(P) a functorial isomorphism (put 
ri := rkijPi) 

(18) Det^(P2) ^ Detfi(Pi) ■ DetK(P3) 

induced by 

Xi A ■ ■ ■ A A s^i+i A ■ ■ ■ A Xr2 ^ {xi A ■ ■ ■ A XrJ ® (av7+i A ■ ■ ■ A x^) 
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where Xi, ■ ■ ■ , are local sections of Pi and Xj G P3 is the image of Xi G P2- 
For a bounded complex P* in Pfg(P), define Detij(P*) G Vr by 

Det^(P-) :=^Det^(n^-'^^ 

More generally, the theory of determinants of [KM76j enables us to uniquely (up 
to canonical isomorphism) extend this definition to a functor 

such that the isomorphism flTSl) extends to the following situation: for any exact 
sequence of complexes of P-modules — )■ P* — t- P* — t- P3" — t- such that P* 
are quasi-isomorphic to bounded complexes in Pfg(P), there exists a functorial 
isomorphism 

(19) DetR(P') ^ Det,j(P;) • DetH(P3'). 

Throughout this paper, we fix such a Det^j. The functor Det/j also satisfies the 
following: for P' G D^^rf(P), if (P')[0] G D^^rf(P) for any i, then there exists a 
canonical isomorphism 

BetniP') ^llBetn{W{P')[0]Y-'y. 

For {L,r) G Pr, define (L,r)^ := {V^ ,r) G 7^_r and define an evaluation iso- 
morphism (L, r) ■ (L, rY ^ {R, 2r) : x ^ f ^-^ f{x). For P G Pfg(P), then we have 
a canonical isomorphism Detij(P^) ^ Detj^(P)'^ defined by the isomorphism 

detK(P^) ^ (det^P)^ : 

fi A ■ ■ ■ A fr ^ {xi A ■ ■ ■ A Xr ^ ^ sgn(o-)/i(a;<^(i)) ■ ■ ■ (a;<^(,.) ) ) . 

crG6r 

This naturally extends to (Dp^j.f(P), is), i.e. for any P* G Dpgj.f(P), there exists a 
functorial isomorphism Detij(RHomij(P', P)) — )■ Detij(P*)'^. Using this isomor- 
phism and the evaluation isomorphism Deti^(P') ■ Detij(P*)'^ ^ (P, 2xRiP')), we 
obtain an isomorphism 

(20) Det«(P') ■ DetK(RHom«(P', P)) ^ (P, 2x«(P*)). 

For a map / : P* — )■ P* of complexes of P-modules such that P* G Dpgj.f(P), 
we define a canonical trivialization 

(21) DetR(Cone(P' 4 P')[-l]) ^ Detfi(P') ■ DetK(P')"' ^ lii 

where the first isomorphism is induced by the natural exact sequence 

^ P' ^^^^ Cone(P' 4 P')[-l] ^^^^ P'[-l] ^ 

and the second isomorphism is the canonical evaluation isomorphism. 
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3.2. Fundamental lines. Both Kato's conjecture and ours concern with the ex- 
istence of a compatible family of canonical trivialization of some graded invertible 
modules defined by using the determinants of the Galois cohomologies of Galois 
representations or (y?, r)-modules. We call these graded invertible modules the 
fundamental lines, of which we explain in this subsection. 
Kato's conjecture concerns with pairs (A, T) such that 

(i) A is a noetherian semi-local ring which is complete with respect to the 
nxA-adic topology (where triA is the Jacobson radial of A) such that A/ttia 
is a finite ring with the order a power of p, 

(ii) T is a A- representation of Gq^, i.e. a finite projective A-module equipped 
with a continuous A-linear action of Gq^. 

Our conjecture conjecture concerns with pairs {A, M) such that 

(i) A is a Qp-affinoid algebra, 

(ii) M is a {ip, r)-module over TZa- 

For each pair (5, A^) = (A, T) or (A, M) as above, we'll define graded invertible 
A-modules /S.B,i{N) G Vb for i = 1,2 as below, and the fundamental line will be 
defined as /^b(n) := Ab,i{N) ■ Ab,2{N) G Vb- 

We first define AA,j(T) for (A,T). Denote by C'^^^{Gqp,T) for the complex of 
continuous cochains of Gq^ with values in T. It is known that C'^^^{Gqp,T) G 
D~(A) is contained in Dpgj,f(A) and that satisfies the similar properties (1), (2), 
(3), (4) in Theorem 12. 141 In particular, we can define a graded invertible A-module 

Aa,i(T) :=DetA(C,V,(GQ^,r)), 

( whose degree is —rj- := — rkAT by the Euler-Poincare formula) which satisfies 
the following properties: 

(i) For each continuous homomorphism / : A — )■ A', there exists a canonical 
A'-linear isomorphism 

Aa,i(T) ®a A'^ Aam(T ®a A'), 

(ii) For each exact sequence — )■ Ti — )■ T2 — > T3 — )■ of A-representations of 
Gqp, there exists a canonical A-linear isomorphism 

Aa,i(T2) ^ Aa,i(Ti) ■ AA,i(r3), 

(iii) Tate duality C-^^,{Gq^,T) ^ RHomA(C'ont(GQ„ T*), A)[-2] and the iso- 
morphism fl20|) induce a canonical A-linear isomorphism 

AA,i(T*)-AA,i(T)^(A,-2-rT). 
We next define Aa,2(7') as follows. For a G A^, we define 

A„ := {x G W{¥p)^z,M{v ® idA){x) = (1 ® a)x}, 

which is an invertible A-module. In the same way as Theorem 12. 8[ for any rank 
one A-representation Tq, there exists unique (up to isomorphism) pair {6to,'C.To) 
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where 5tq '■ Qp — t- is a continuous homomorphism and Ctq is an invertible 
A-module such that Tq ^ ^{^To) ®a -^To; where we denote by '■ Gq^ — )• for 
the continuous character which satisfies °reC(Qj^ = 6to- Under these definitions, 
we define a(T) := (5detAr(p) G A^, and define an invertible A-module 

U{T) := AaiT) ®A detAT 

and define a graded invertible A-module 

Aa,2(T) := {CA{T),rT). 

Because we have a canonical isomorphism A^^ (8)a A^j — > Aaia2 x ® y ^ xy ioi 
any 01,02 G A, Aa 2(^) also satisfies the similar properties: 

(i) For / : A — i- A', there exists a canonical isomorphism A\^2{T) ®a A' ^ 
Aa,2(T®aA'), 

(ii) For — > Ti T2 ^0, there exists a canonical isomorphism 

AA,2(r2)^ AA,2(Ti)-AA,2(r3), 

(iii) Let be the rank of T, then there exists a canonical isomorphism 

AA,2(T*)-AA,2(r)^(A(rr),2-rr). 

For example, (iii) is obtained using the fact that 5detAT*(p) = '^detAT(p)~^ and that 
Aq ® Aa-i Ai = A, and using the the canonical evaluation pairing 

detAT* ®A detAT ^ detAT* ®a HomA(detAT*, A(rr)) ^ A(rT) : x ® / ^ f{x). 

Finally, we define 

Aa(T):=Aa,i(T)-Aa,2(T)gPb, 
then Aa(T) also satisfies the similar properties (i), (ii) as those for AA,i(T) and 
(iii) There exists a canonical isomorphism 

AA(T*)-AA(T)^(A(rT),0). 

Next, we define the fundamental line Ayi(M) for (</?, r)-modules M over TZa- Let 
y4 be a Qp-affinoid algebra, and let M be a ((^9, r)-module over TZa- By Theorem 
l2.14l of Kedlaya-Pottharst-Xiao, we can define a graded invertible A-module 

A^,i(M) := DetAC;^(M) e Pa 

which satisfies the similar properties (i), (ii), (iii) as those for Aa,i(T). We next 
define A^ 2(^) as follows. By Theorem l2.8l of Kedlaya-Pottharst-Xiao, there exists 
unique ( up to isomorphism ) pair (^detT^^Mj -^detT^^M) where ^detT^^M • 
is a continuous homomorphism and -Cdet^^M is an invertible A-module such that 
detT^^M ^ 7^A(^det7j^M) ^detn^M- Then, we define an A-module 

£a(M) := {x G detnAM\(p{x) = 5det^^Af(p)a;, 7(2;) = 5det^^Af(x(7))a; (7 e F)} 
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which is an invertible A module because it is isomorphic to Cdet-Tz^M, and define a 
graded invertible ^-module 

Aa,2{M) := {CA{M),rM)eVA. 

By definition, it is easy to check that Aa,2{M) satisfies the similar properties (i), 
(ii), (iii) as those for Aa,2(^)- Finally, we define a graded invertible A-module 
Aa{M) which we call the fundamental line by 

Aa{M) := Aa,i{M) ■ Aa,2{M) e Va, 

which also satisfies the similar properties (i), (ii), (iii) as those for A\{T). 

More generally, let X be a rigid analytic space over Qp, and let M be a {ip, T)- 
module over Tlx- By the base change property (i) of Aa{M), we can also functo- 
rially define a graded invertible (9x-niodule 

Ax{M) G Vo^ 

on X (we can natural generalize the notion of graded invertible modules in this 
setting) such that there exists a canonical isomorphism 

r(Max(A),Ax(M)) ^ A^(M|Max(A)) 

for any affinoid open Max{A) C X. 

We next compare the Kato's fundamental line Aa(T) with our fundamental line 
Aa{M). Let / : A — )■ A be a continuous ring homomorphism, where A is equipped 
with tTiA-adic topology and A is equipped with p-adic topology. Let T be a A- 
representation of Gq^. Let denote by M := Dj-ig{T ®\ A) for the (</?, r)-module 
over TZa associated to the ^-representation T A of Gq^. By Theorem 2.8 of 
|Pol3a] . there exists a canonical quasi- isomorphism C*^^^{Gq^,T)^)^A ^ G*^^{M), 
and this induces an A-linear isomorphism 

Aa,i(T) ®aA^Aa,i{M). 
We also have the following isomorphism. 

Lemma 3.1. In the above situation, there exists a canonical A-linear isomorphism 

Aa,2 ®aA^ A^,2(M). 

Proof. By definition, it suffices to show the lemma when T is rank one. Hence, we 
may assume that T = A((5)®a>C for a continuous homomorphism 6 : Qp — > A^ and 
an invertible A-module C (where 6 is the character of Gq^ such that ^orecQ^ = 6). 
Moreover, because we have a canonical isomorphism 

Drig((A(5) ®a C) ®a A) ^ Drig(A(5) ®A A) ®a {C ®a A) 

by the exactness of Drig(— ), it suffices to show the lemma when £ = A. 

Because the image of Hq := Gal(Qp/Qp,oo) in Gq^ is the closed subgroup which 
is topologically generated by recQp(p), we have 

DHg(A(5) ®aA) = (iy(Fp)®^^A(5))-^«.('')=i ®A7^A, 
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by definition of Drig(— ), and tlie riglit liand side is isomorpliic to TZaIJoS). Hence, 
we obtain 

wliicli proves tlie lemma. □ 

Taking tfie products of tliese two canonical isomorphisms, we obtain the follow- 
ing corollary. 

Corollary 3.2. In the above situation, there exists a canonical isomorphism 

Aa(T) ®aA^ Aa(M). 

Example 3.3. The typical example of the above base change property is the 
following. For A as above, let denote by X for the associated rigid analytic space. 
More precisely, X is the union of affinoids Max(A„) for n ^ 1, where A„ is the 
Qp-afiinoid algebra defined by An ■= A[^]^[l/p] ( for a ring R, denote by 
for the p-adic completion). Let T be a A- representation of Gq^, and let denote by 
Mn := Drig(T^\ An). Because M„ is compatible with the base change with respect 
to the canonical map An — )■ An+i for any n, {Mn}n^i defines a (y?, r)-module M. 
over Tlx- Then, the canonical isomorphism A\(T) ®a An -> Aa„(M„) defined in 
the above corollary glues to an isomorphism 

Aa(T) ®a Ox^AxiM). 

Moreover, using the terminology of coadmissible modules ( [ST03j ). we can define 
this comparison isomorphism without using sheaves. Let define A^o '■= T{X,Ox) 
and A^^(Moo) := hm A^^(M„). Taking the limit of the isomorphism Aa(T) (S)a 

An — > A^^(M„) we obtain an Aoo-linear isomorphism 

Aa(T) ®a A^^ Aa^{M^). 

Then, the theory of coadmissible modules (Corollary 3.3 of |ST03j ) says that to 
consider the isomorphism AA(r) Ox -> Ax(A^) is the same as to consider 
the isomorphism Aa(T) ®a^oo Aa^{Moq). Actually, we will frequently use the 
latter object like A^^(Moo) in §4. 

3.3. de Rham ^-isomorphism. In this subsection, we assume that L = A is a. 
finite extension of Qp. We functor ially define a trivialization 

e5(M):A^(M)^U:=(L,0) 

which we call the de Rham e-isomorphism for each de Rham {ip, r)-module M over 
TZl and for each Zp-basis ( = {Cp"}n^o of ^p(l)- 

Let M be a de Rham (yj, r)-module over TZl. We first recall the definition of 
Deligne-Langlands' and Fontaine- Perrin-Riou's e-constant associated to M ( [De73j . 
[FP94] ). 
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We first briefly recall the theory of e-constants of Deligne and Langlands ( |De73j ). 
Let C Gq^ be the Weil group of Qp. Let ii^ be a field of characteristic 

zero, and let \^ be a finite dimensional ii^-vector space equipped with a con- 
tinuous i?-linear action of Wq^ (where V is equipped with the discrete topol- 
ogy). Let denote by for the dual Hom^(V,£') of V. Denote by -Edxl) the 
rank one i?-representation of Wq^ corresponding to the continuos homomorphism 
|x| : Qp — 7- : p i-T- l/p,a h-> l(a G Z^) via the local class field theory. Put 
V^^dsl) := V"^ ®eE{\x\). In this article, we assume that ii^ is a field which contains 
Qp(Cpoo). The definition of the e-constants depends on the choice of an additive 
character of Qp and a Haar measure on Qp. In this article, we fix the Haar mea- 
sure dx on Qp for which Zp has measure 1. For each Zp-basis ( = {Cp"}n;io of 
Zp(l), we define an additive character ip(^ : Qp ^ such that := (pn 

for n ^ 1. In this article, we don't recall the precise definition of e-constants, 
but we recall here some of their basis properties for the additive character ipi^ and 
the fixed Haar measure dx. Under these fixed datum, we can attach a constant 
e{V,ip(,dx) G E^ for each V as above which satisfies the following properties (we 
denote e(y,C.) '■= e{V,ip(,dx) for simplicity): 

(1) For each exact sequence — Vi — V2 — )■ V3 — )■ of finite dimensional 

vector spaces with continuous actions of Wq^, we have 

e{V2,C) = e{VuCHVs,C)- 

(2) For each a G Zp , we define := {Cp"}n^i- Then, we have 

e{V,C) = detEV{TecQ^{a))e{VX). 

(3) e{V,Oe{V-{\x\),(:-') = l. 

(4) e{V, C) = 1 if ^ is unramified. 

(5) If dim^K = 1 and corresponds to a locally constant homomorphism 6 : 
Qp E^ via the local class field theory, then 

ie(z/p"{'')z)x 

where n{6) ^ is the conductor of 6, i.e. the minimal integer n ^ such 
that 5|(i+p„2;p)nZpX = 1 (then (5|^x factors through (Z/p"(*)Z)^). 

Next, we define the e-constant for each de Rham (</), r)-module over TZl fol- 
lowing Fontaine- Perrin-Riou ( |FP94] ). Let M be a de Rham (</), r)-module over 
TZl. Then M is potentially semi-stable by the result of Berger (for example, see 
Theoreme III. 2. 4 of |Ber08b] ) which is based on the Crew's conjecture proven by 
Andre, Mebkhout, Kedlaya. Hence, we can define a filtered (y?, N, GQp)-module 
Dpst(M) := U^^Q D^(M|x) which is a free Qp'' L-module whose rank is tm, 

where K run through all the finite extensions of Qp and we define T)^{M\k) '■ = 
(7?.L(7rii')[log(7r), 1/t] MY'^^^ . Following Fontaine, we define a structure of a 
Qp^'^QpL- representation of Wq^ on Dpst(M) by g{x) := (p^^^^g-x) for g G Wq^ and 
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X G Dpst(M), where we denote by g-x for the natural action of Gq^ on Dpst(M) and 

V : Wq^ W^l '-^^ % Z. Taking the base change of Dpst(M) by the natural 

inclusion Q^^'^q^L ^ Q^^^q^L, and decomposing Qf^Q^L ^ Hr into a finite 
product of fields L^. We obtain a L^-representation of Wq^ which we denote by 
Dpst(M)T- for each r. Hence, we can define the e-constant £:(Dpst(M)^, t{()) G , 
where t{Q is the image of ( in L^. Then, 

£L(Dp3t(M),C) := (e(Dp,t(M).,r(C))). G JJ^r 

is contained in := (Qp(Cp°°) ®(Qp -^^)'' ^ (Qp(Cp->) L)'' because it 

is easy to check that eL(Dpst{M), () is fixed by 1 (g) 1. 

Using this definition, for each de Rham [ip, r)-module M over TZl, we construct 
a trivialization £:^^(M) : Al{M) ^ li as follows. Decomposing Al{M) into the 
product 

(Ai,i(M) ■ Deti(DdR(M))) ■ (Deti(DdR(M))-i ■ Ai,2(M)), 
this trivialization is defined as the product of trivializations 
eL{M) : Ai,i(M) ■ DetL(DdR(M)) ^ U 

and 

Vl(^^,C) : Deti(DdR(M))-i ■ Az.,2(M) ^ U 

which are defined as follows (we remark that, as you can guess from the notation, 
only 6'dR,L(^, C) depends on the choice of Q. 

We first define ^l(M) : AL,i(Af) ■ DetL(DdR(M)) 4 1^. By the result of §2.2, 
we have a canonical exact sequence of L-vector spaces 
(22) 

^ Hj,,(Mo) D_(Mo) ^i^«iz^ D_(Mo)©tMo ^^'^^'"°'''^^'"°> Hi,^(Mo), ^ 

for Mq = M, M* . This exact sequence for Mq = M naturally induces an isomor- 
phism 

9l{M) ■ Deti(HO,^(M)) ■ Deti(Hi,^(M)^)-i ■ Deti(tM) ^ 
For Mq = M*, using Tate duality and the canonical de Rham duality 
DdR(M)° 4 tli, -.x^iy^ [y,x]dR), 
and Proposition I2.23[ we define a map 

expl, : K,.(M)/f := H;,,^(M)/Hi,^(M)^ ^"^'"^''^^^> Hi,,(M*)y 

^ tl,. 4 DdR(M)° 
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which is called the dual exponential map and was studied in §2.4 of |Nal3j . Using 
this map, as the the dual of the exact sequence (1221) for Mq = M*, we obtain an 
exact sequence 
(23) 

CxpY , r* ffiCxpt , 

^ ill^,{M)/f ^ D„is(M*)^©DdR(M)0 ^ D„is(M*)^ ^ iil,,{M) ^ 0. 

This exact sequence induces a canonical isomorphism 

el{M) : Deti(Hi^^(M)/^)-i ■ Deti(Hj_^(M)) ■ Deti(DdR(M)°) ^ U. 
Taking the product, we obtain an isomorphism 

e'^iM) := el{M) ■ el{M) ■. AlAM) ■ Deti(DdR(M)) ^ U. 
Using 9'AM) and the "gamma" constant 'Jl,m G which is defined by 

^^^^ := -Q|izll:}-dim.(gr-^D,H,(M)) -Q|_(^ _ ^) , |-dim, (gr-^D,, W) ^ 

we finally define 

OLiM) := 7i,M ■ ^l(M) : Az.,i(M) ■ Detz.(DdR(M)) 4 U. 

Next, we define an isomorphism 6'dR,L(M, C) : DetL(DdR(M))-i • Al^M) 4 1l- 
To define this, we show the following lemma. 

Lemma 3.4. Let {hi,h2,--- ,hrj^.j} be the set of Hodge- Tate weights of M {with 
multiplicity). Put Hm '■= Yll=i^i- -^^'^ ^^^2/ ^ = n{M) such that eL(Dpst{M),() £ 
Ln ■= Qp(Cp") ®Qp L, the map 



Cl{M) ^ Ddif,„(det7e^M) = L„((t)) ®^ „(„) (det7^^M) 



(n) . 



£i(Dpst(M),C)t'^^-^ ^ ^ ^ 

induces an isomorphism 

fM,c ■■ ^l{M) 4 DdR(det7^^M), 
and doesn't depend on the choice of n. 

Proof. The independence of n follows from the definition of the transition map 

Ddif,n( — ) ^ Ddif,n+l( — )• 

We show that /m^^ is isomorphism. Comparing the dimensions, it suffices to 
show that the image of the map in the lemma is contained in DdR(det7^^M), i.e. 
is fixed by the action of F. Because we have eL(Dpst(M), C)/eL(Dpst(det7j.^M), Q G 
L^{^ L^), it suffices to show the claim when M is of rank one. We assume that 
M is of rank one. By the classification of rank one de Rham {(p, r)-modules, there 
exists a locally constant homomorphism 6 : Qp — ?■ such that M -H- TZl{5 -x^ ''''). 
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The corresponding representation Dpst(M) of Wq^^ is given by the homomorphism 

via the local class field theory. By the property (2) of e- 
constants, then we have 7(eL(Dpst(M), C)) = 5(x(7))£^L(Dpst(M), C) for 76!, 
which proves the claim because we have 'j{(p"'{x)) = S{x{'y))x{l)^^''P"'{^) fo^^ ^ ^ 
£l(M),7 G r by definition. 

□ 

Because we have a canonical isomorphism DdR(det7^^M) ^ detLDdR(M), the 
isomorphism fM,( induces an isomorphism /^v/^^ : Al^2{M) ^ Deti,(D(iR(M)). 
Multiplying by DetL(DdR(M))~^, we obtain an isomorphism 

Vl(M,C) : Deti(DdR(M))-i • Al,2{M) ^ U. 

Remark 3.5. The isomorphism /m,C) hence the isomorphism 6dR,L{M,() de- 
pend on the choice of (. If we choose another Zp-basis of Zp(l) which can be written 
as := {Cpn}n^o for unique a G Z^, then /m.c is defined using eL(DpstiM)X"') 
and the parameter ir^a (see remark [2?T|) and := log(l + vr^a). Because we have 
£i(Dp,t(M),C'^) = detDp,t(M)(recQ^(a))£i(Dpst(M),C) and n^a = (1 + vr)" - 1 
and ta = at, we have /mc" = a ' — t^Imci and hence we also have 

OmAM, C) = 7 ^ ■ ^dR,L(M, C). 

Finally, we define a trivialization ej^^^M) : Al{M) 1l as follows. 

Definition 3.6. We define an isomorphism e^^(M) : Al{AI) 1l which is called 
the de Rham ^-isomorphism by 

ef^(M) :=e^(M)-edR,L(M,C), 
and similarly define 5^^a(M) := 6l{M) ■ 6'dR,L(M, for a G Z^, which is equal 
to T — TT ■ ^'r^riM) by the above remark. 

Remark 3.7. In |Ka93bj . Kato defined his de Rham e-isomorphism s'^^^iV) : 
^hiy) 1l (using a different notation) for each de Rham L-representation V of 
using the original Bloch-Kato exponential map. Using Proposition 12.251 it is 
easy to check that Kato's isomorphism ef,^(V^) can be identified with our isomor- 
phism £^^(Dj.ig(y)) under the comparison isomorphism AiiV) ^ Ai(Di.ig(l^)) 
defined in Corollary 13.21 Therefore, in this article, we don't recall the definition of 
Kato's de Rham e-isomorphism £f,^(V^), and formulate Kato's and our conjecture 
(Conjecture 13.91) using only our de Rham e-isomorphism e^^(M). 

Finally in this subsection, we prove a lemma on the compatibility of de Rham 
e-isomorphism with Tate duality. 
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Lemma 3.8. Under the canonical isomorphism 

Ai(M*)-Ai(M)^(L(rM),0), 

the isomorphism e^^^_i(M*) ■ ef^^{M) : Al{M*) ■ Al{M) 1^ is equal to the 
isomorphism {L{rM),0) -H- 1l '■ e,.^,^ i— )• ( — 1)''^'^. 

Proof. By the canonical isomorphism DdR(M) ^ DdR(M*)'^ : x i-> (y i-)- [x, ?/]dR) 
and the isomorphism (I2U]) . we have an isomorphism 

(24) Detz.(DdR(M*)) ■ Deti(DdR(M)) ^ (L, 2rM) 

By definition of ef^^{M) = ^l(M) ■ ^dR,L(M, (), it suffices to show the following 
two equalities: 

(i) We have 

under the canonical isomorphism 

Al,i{M*) ■ Detz.DdR(M*) ■ Az.,i(M) ■ DetLDdR(M) 

^ (L, -2rM) ■ (i^, 2rM) ^ 1l, 

where the first isomorphism is the product of the canonical isomorphism 
A^i{M*) ■ A^i{M) ^ (L, -2rM) with the above isomorphism and 
the last one is induced hy L ® l L ^ L : a ® h ^ ah. 

(ii) We have 

under the canonical isomorphism 

Az.,2(M*) ■ Detz.DdR(M*)~i • Az.,2(M) ■ Detz.DdR(M)-i 

4 (L(rAf),2rM) ■ {L,2rMY^ ^ (i^(rM),0). 

where the first isomorphism is the product of the canonical isomorphism 
Al,2(M*)-Al,2(M) 4 (L(rM),2rM) with the isomorphism DetLDdR(M*)-^- 
DetLDdR(M)^^ ^ {L,2rM)~^ induced by fl2^ . and the second isomor- 
phism is induced by (a ■ e^^^) ^ f ^ f{a) ■ e.,.^,j. 

We first show the equality (ii). We may assume that detT^^M = 71l{Sx'^^'), then 
we naturally have detT^^M* = 7lL{S~^x~^^')erj^f. By definition, it suffices to show 
that the isomorphism 

L{rM) y jCl{M ) (g)L Cl{M) 

/m>,c-i®/m,c^ DdR(det7^^M*) ®l DdR(det7^^M) 4 L 
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sends e^^,^ to (— 1) ^-f. Because we have 

and have Dpst(M*) = Dpst(M)^(|x|), the claim follows from the formula 

£i(Dp,t(M),C)£L(Dp3t(M*),C-^) = 1. 

We next prove the equality (i). Put sm '■= dimit(M). By definition, it is easy 
to check that we have 

(25) 7l,m* ■ 7L,Af = (-l)^"+'"«-^^^ 

Define a subcomplex C;^(M); of C;^(M) by ^"^^(M) = ^"^^(M), 

C'^,,iM)f := {x G Ker(Ci,,(M) ^ Cj,(M))|[x] G Hi,,(M);} 

and C2 ,^(M)^ = 0. Put C;^(M)/^ := C;^(M)/C;^(M)^. By Proposition [223 
the isomorphism A/^ i(M*) • i(M) -H- (L, —2rM) is written as the product of 

(26) Det4C;,(M*)/^) ■ Det4C;,(M);) ^ (L, -2.^) 
with 

(27) Deti(C;,(M*)^) • Detz.(C;,(M)/^) 4 (L, -2rM + 2sm). 
By definition of 6'|(M), we have 

(28) el{M*) . el{M) = id,, 

under product of the isomorphism fl271) with the canonical isomorphism Deti(tM*) ' 
DetL(DdR(M)0) 4 {L,2rM - 2sAf). 
On the other hand, we have 

(29) el{M*) . el{M) = i-iy^' . id,, 

under the similar isomorphism by the equality ([1]) in the notation. Because we 
have 9l{M) = '^l,m ■ Ol{M) ■ 9l{M), the claim (ii) follows from the equalities 

□ 

3.4. Formulation of the local e-conjecture. In this subsection, using the def- 
initions in the previous subsections, we formulate the following conjecture which 
we call local e-conjecture. This conjecture is a combination of Kato's original e- 
conjecture for (A,T) with our conjecture for {A,M). To state both situations in 
a same time, we use notation {B,N) for (A,T) or {A,M), and f : B ^ B' ioi 
f : A' or f : A'. 
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Conjecture 3.9. We can uniquely define a B-linear isomorphism 

for each pair {B,N) as above and for each Zp-basis ( o/Zp(l) satisfying the fol- 
lowing conditions. 

(i) Let f : B ^ B' be a continuous homomorphism. Then, we have 

eB,dN) ® ids' = eB',dN ®b B') 

under the canonical isomorphism Ab{N) ®b B' ^ Ab'{N ®b B'). 

(ii) Let — )• A^i — )■ A^2 — ^ ^3 — ^ be an exact sequence. Then, we have 

eB,dN2) = eB,dNi) ■ sbA^s) 

under the canonical isomorphism Ab{N2) — > Ab{Ni) ■ AbIN^). 

(iii) For a G , we have 

^bMN) = -. ^—-■eB,dN)- 

<JdetB(N)[a') 

(iv) The isomorphism 

eB,MN*) ■ BBxiN) : Ab{N*) ■ Ab{N) ^ 1b 

is equal to the isomorphism {B{rN),0) — > 1b : e,.j^ i— )• ( — 1)'"^ under the 
canonical isomorphism Ab{N*) ■ Ab{N) -h- (i?(rAr),0). 

(v) Let f : A ^ A be a continuous homomorphism, and let M := Drig(T(8>Ay4) 
be the associated T)-module obtained by the base change ofT with respect 
to f . Then, we have 

£A,c(T)®idA = £Ac(^) 
under the canonical isomorphism Aa(T) ^ A^(M) defined in Corol- 

lary\EM 

(vi) Let L = A be a finite extension of Qp, and let M be a de Rham {ip,r)- 
module overTZi. Then we have 

ez.,c(M)=4!c(M). 

Remark 3.10. The Kato's original conjecture ( |Ka93bj ) is just the restriction 
of the above conjecture to the pairs (A,T). As we explained in Remark 13. 7[ the 
condition (v) was stated using his de Rham e-isomorphism e'j^^V) for each de 
Rham L- representation V of Gq^. 

Remark 3.11. In the Kato's conjecture, the uniqueness of e- isomorphism was 
not explicitly predicted. Recently, it is known that the de Rham points (even 
crystalline points) are Zariski dense in "universal" families of p-adic representa- 
tions, or r)-modules in many cases ( |Co08] . [KislO] for two dimensional case, 
|Chl3j , [Nail] for general case) , hence we add the uniqueness assertion in our con- 
jecture. 
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In |Ka93bj . Kato proved his conjecture for the rank one case. As a generahzation 
of his theorem, our main theorem of this article is the following, whose proof is 
given by the next section. 

Theorem 3.12. The conjecture 13.91 is true for the rank case. More precisely, we 
can uniquely define a B-linear isomorphism eB,c{N) : Ab{N) 1b of for each 
pair {B, N) such that N is of rank one and for each Ijp-basis ( o/Zp(l) satisfying 
the conditions (i), (iii), (iv), (v), (vi). 

4. Rank one case 

In |Ka93bj . Kato proved his 5-conjecture using the theory of Coleman homo- 
morphism which interpolates the exponential maps and the dual exponential maps 
of rank one de Rham p-adic representations of Gq^. In particular, so called the ex- 
plicit reciprocity law, which is the explicit formula of it's interpolation properties, 
was very important in his proof. 

In this final section, we first construct the e-isomorphism 

SaAM) : A^(M) ^ 1a 

for any rank one r)-module M by interpreting the theory of Coleman homo- 
morphism in terms of p-adic Fourier transform (e.g. Amice transform, Colmez 
transform), which seems to be standard for the experts of the theory of {ip,r)- 
modules. Then, we prove that this isomorphism satisfies the de Rham condition 
(vi) by establishing the "explicit reciprocity law" of our "Coleman homomorphism" 
using our theory of Bloch-Kato's exponential map developed in §2.2, which seems 
to be a new contribution of our article in the theory of [if, r)-modules. 

4.1. Construction of the ^-isomorphism. We first recall the theory of analytic 
Iwasawa cohomology of {(f, r)-modules over the Robba ring after [Pol 3b] and 
|KPX12j . Let A(r) := Zp[[r]] be the Iwasawa algebra of F with coefficients in Zp 
and let m be the Jacobson radical of A(F). For each n ^ 1, define a Qp-affinoid 
algebra 7^[l/^'"'~](F) := (A(F)[^])^[l/p] where, for any ring R, let denote by 

for the p-adic completion. Let X„ := Max(7^[^/P"'°°1(F)) be the associated affinoid. 
Define X := U„^iX„ , which is a disjoint union of open unit discs. For n ^ 1, 
consider the rank one {ip, F)-module 

Dfm„ := 7^[^/^'"•°°l(F)®Q^7^e = 7^^[l/pn,^,(r)e 

with 

Lp(l0e) = li^e and 7(l®e) = [7]^"'"®e for 7 G F. 
Put Dfm := Dfm„; this is a (</?, F)-module over the relative Robba ring over 
X. For M a [if, F)-module over TZa, we define the cyclotomic deformation of M 
to be 

Dfm(M) := l^Dfm„(M) 

n 
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with 

Dfm„(M) := M(g)7jDfm„ ^ M®A7^!{^^"'°°k^)e, 

which is a (v?, r)-module over the relative Robba ring over Max(A) x X. This 
{ip, r)-module is the universal cyclotomic deformation of M in the sense that, for 
each continuous homomorphism 6q : T , we have a natural isomorphism 

Dfm(M) ®7^f (r),/,„ A ^ M{6o) : (x(g)?7e) (g) a k-^ fso{v)axeso 

for X G M and r^e G 7?.^(r)e and a G A, where 

: 7^X(^) A 

is the continuous A-algebra homomorphism defined by 

fsoib]) ■■=Mir' 

for 7 G r (M(5o) '■= M ®a Aes^ = Meg^ is defined by '-/{xesg) := 5o(7)7(a^)e5o for 
X e M and 7 G T). 

By Theorem 4.4.8 of |KPX12j . we have a natural quasi-isomorphism of 7^^(r)- 
modules 

g, : C;,(Dfm(M)) ^ C;(M). 

This quasi-isomorphism is obtained as a composition of a (system of) quasi- 
isomorphisms 

C;^(Dfm„(M)) ^ c;(M)§^^(^)7^!^/^"•°°l(^) 

which are naturally induced by the following diagrams of short exact sequences 
of 7^5/^"'°°](^)-modules forn ^ 1 (put logo(a) := for a G Z;), 

(30) 

> Dfm„(M)^ Dfm„(M)^ Af g^^(^)7^U/^"'°°l(^) ^ 



1/1-1 



^-1 



i>-i 



> Dfm„(M)^ Dfm„(M)^ Mg7^2=(^)7^I]/^"'°°'(^) > 0, 

where 

V |rtor|logo(x(7)) ^ 

for G M,77ie G 7^5/^"'°°^(^)e with the inverse of the natural quasi-isomorphism 

c;{M) ^ jimc;(M ®^2>(r) <^"'°°i(r)) ^ i^c;(Mg^^(r)<^"'°^kr)), 

(see Theorem 4.4.8 of |KPX12j and Theorem 2.8 (3) of |Pol3bj for the proof). This 
quasi-isomorphism is canonical in the sense that, for another 7' G F whose image 

42 



in r/A is a topological generator, we have the following commutative diagram 



C;^(Dfm(M)) c;{M) 



id 

9^' 



(31) 

C;^,(Dfm(M)) c;{M). 

For 60 : T ^ , using the natural isomorphism Dfm{M) ^ti<^ (^r)js^ A ^ M{6o) 
and the quasi-isomorphism g^, we obtain a natural quasi-isomorphism 

(32) g,,So : C^;,(M(5o)) ^ C;,(Dfm(M) ®7^2>(^),/.„ ^) 

^ C;^(Dfm(M)) ®^2>(r),/,,, ^ ^ C;{M) ®^2>(r),/,^ ^, 

where the second isomorphism follows from the fact that any {ip, r)-module Mq 
over TZao is flat over Aq for any Aq (see Corollary 2.1.7 of |KPX12j ). This quasi- 
isomorphism can be written in a more explicit way as follows. To recall this, we see 
A as a 7?.2^(r)-module by the map fsg. Then, we can take the following projective 
resolution of A, 

^ 7^x(^) ■ ^ 7^x(^) .ps,^A^o, 

where ps, ■= J^aeA ^o^i'^)W] ^ '^aO^) (this is an idempotent ) and 
di,iiv) ■= {Ml)b] - ^)V, and d2,^{'n) := pf^^r^^^^ 

I J- tor|iOgo(,Xl7JJ 

This resolution induces a natural quasi-isomorphism 

c;iM) ^n^^r) [7^X(^) ■ pso ^ 7^^(^) ■ 4 c;iM) ®]i^^r)js, a. 

Moreover, using the natural isomorphism 

M ®7^2>(r) 7^X(^) ■ PS, 4 M(5)^ : m ® Xps, ^ Xps,{mes,), 
we obtain a natural quasi-isomorphism 

c;{M) ^nTiv) [7^T(^) ■p.o ^ (r) ■p.o] 4 c;,(m(5o)). 

Composing both, we obtain a natural quasi-isomorphism 

C;(M) ®^2>(r),/.„^4Q,(M(5o)), 

which is easily to seen that this is equal to g-^^So- 

Using the theory of analytic Iwasawa cohomology, we can describe the funda- 
mental line A7^tx>(r)(Dfm(M)) as follows. The quasi-isomorphism g^ and the quasi- 
isomorphism C* ^(Dfm(M)) ^ C* ^(Dfm(M)) induce a natural isomorphism in 

A^2>(r),i(Dfm(M)) 4 Det7^2>(^)(C;^(Dfm(M))) 4 Det7^2>(^)(C;(M)). 
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Moreover, because we have 
At^j (r),2(Dfm(M)) = Jim A^[i/pn,^,^^^^^(Dfm„(M)) 

n 

n 

where the last isomorphism is just the division by e®^*', we obtain a canonical 
isomorphism 

(33) A^2>(r)(Dfm(M)) ^ Detn^(r){C;{M)) ■ (A^,2(M) ®A7^X(^)). 

Therefore, taking a product with {Aa^2{^)®a'T^'a(^))^^ •> defining an isomorphism 
A7^^(r)(Dfm(M)) ^ l7^3'(^) is equivalent to define an isomorphism 

Det7^2=(^)(C;(M)) ^ (A^,2(M) ®a 7^T(r))-^ 

Let A be a Qp-affinoid algebra. For A G A^, we define a "unramified" continuous 
homomorphism 

(5a : Qp A'^ such that 5x{p) := A, ^aI^x := 1. 

We first define an e- isomorphism 

^7^J'(^),c(Dfm(7^A(5A))) : A7^J>(^)(Dfm(7^^((5A))) l-R,-(r)- 

By the argument after fl33l) . it suffices to define an isomorphism 

i, : Det7^J(^)(C;(7^(5A)) ^ Det7^J(^)(7^X(^)e,J-l 

because we have /S.A,2{JiA{,5x)) = Detyi(Ae5^). We construct this isomorphism 
by the following steps, which are based on the re-interpretation of the theory of 
the Coleman homomorphism in terms of the p-adic Fourier transform. 

Let LA(Zp, A) be the set of A-valued locally analytic functions on Zp, and define 
the action of {ip, ip, F) on it by 

Miy) ■■= /(^)( y e pZp) and (^(/)|^x := 0, 

Hf){y) ■■= fipy) and 7(/)(l/) := ^/(^) ^ T). 

One has a (<y9, ip, F)-equivariant A-linear surjection which we call the Colmez trans- 
form 

Col : TZa ^ LA(Zp, A) 

defined by 

Col(/(7r))(y) := Reso((l + 7r)y f (n) -—-) , 

(1 + 7r) 
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where Reso : TZa — )■ v4 is defined by Reso(^„g2 '^"^'^) '^-i remark that Col 
depends on the choice of the parameter tt, i.e. of Q. By this map, we obtain the 
following short exact sequence 

^ ^ 7^A ^ LA(Zp, A) 0. 

Twisting the action of (v?, V^, T) by 5\, we obtain the following ■?/', r)-equivariant 
exact sequence 

^ 7^^(5A) ^ 7^A(^A) LA(Zp, ^ 0, 

from which we obtain the following exact sequences of complexes 

(34) ^ c;(7^x(5A)) ^ c;(7^^(5,)) ^ c;(LA(Zp, o. 

For each ^ 0, we define the algebraic function 

-.Zp^ A: ah^ a'', 

then Ay'^es^ C LA(Zp,A)(5a) is a ^/'-stable sub T^-JJ" (r)-module. The natural in- 
clusion 

(35) C;(©o^fc^^Ve5j C;(LA(Zp, A)(5,)) 

is quasi-isomorphism for sufficiently large by Lemme 2.9 of |Chl3] . 
Because we have Ay'^es^lO] E Dj,;i°l(7^X(^)) for A; ^ 0, we have 

(36) c;(©o^,^^Ve.J G D[t1(7^x(^)) 

and we have a natural trivialization 

(37) Det7^-(r)(C;(©o^fe^Jv^l/'e5j) ^ l7^^(r), 

defined by the isomorphism fl2T]) in §3.1. 
By (I35]),(I36]),([37D, we have 

(38) c;(LA(z„ A)(5,) G DJ,rf(7^^(^)), 

and we obtain an isomorphism 

(39) .0 : Det7^2.(^)(C;(LA(Zp,A)(5A)) 4 l7^j(r) 

Because C*(LA(Zp, A){6x)) and C'(7?.yi(5A)) are both perfect complexes, we also 
have 

c;(7^^(^)) e DJ,,f(7^^(^)) 

by the exact sequence ( 134|) . Because 7^^(5a) ^ "^a (^a) is surjection by Lemme 

2.9 (v) of |Chl3] . we have a natural quasi-isomorphism 
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Using this quasi-isomorphism, the exact sequence f l5^ induces a canonical iso- 
morphism 

L, : Det7^c.(^)(C;(7^^(5,))) ^ Det7^y(^)(C;(7^X(5A))) • Det^ecj (r)(C;(LA(Z„ 

^ Det7^cJ(^)(C;(7^X(5A))) ^ Det7^^(^)(7^X(^A)'^=M0])-'• 

where the second isomorphism is induced by the isomorphism to- 

We next consider C!^(Jl'^{6\)). For a 7^2^(r)-module M with hnear ip, ?/^-actions, 
we define a complex 

C?-(M) := [M 4 M] G D[l•2l(7^^(^)), 
and define a map of complexes : C*(M) — C*(M) by 



(40) 



For N^O, put : = 
sequences 



C'JM) : [M M] 



"A/ 













id A 



M]. 



: [M - 

h^k^N^f^es^. Consider the following diagram of exact 



> c;{Dn) 

(41) "(-Djv) 







> c•(7^x(5A)) > c•(7^x(5A)//^7v) ^ 



-> C^(7^X(5A)) 



-> CJ(7^X(5A)//^iv) 



-> 0. 



The complex C~{Di^) is acyclic because ip : v4t'^e5^ — )■ At'^e^^ is isomorphism for 

any k ^ 0. Because the map ! — Vf^i^dx) / Djq — )■ TZ°^{5\) j Djq is isomorphism 
for sufficiently large N by Lemme 2.9 (ii) of |Chl3] . the map (y.(ji<^(^s^)ir,^) is also 
isomorphism for sufficiently large A^. From these two facts and from the above 
diagram f HTj) . for sufficiently large A^, we obtain the following distinguished triangle 

c;(D^) ^ c;{n^{5,)) c'^{n^{6,)) in ■ ■ • . 

Moreover, because we have the following diagram 



^a(^a)^=M-1] 

7eT(5A)^=°[-i] 

the above triangle becomes 
(42) 



> Q(7^X(5A)) 



c;{D^) ^ 7^^(5,)'^=^[-l] ^ 7^x(5A)^=°[-l] 
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-> ■ ■ 



Because we have At^es^[0] G D^^rf(7^X(^)), we also have C^{Dn) G D^^rf(7^^(^)) 
and we similarly obtain a canonical isomorphism 

L2 : Det7^2'(r)(C*(-DAr)) ^ l7^f (r)- 

By these arguments, the triangle (H2|l naturally induces the following isomor- 
phism 

63 : Det7^J(^)(7^X(5A)'^=M0])-' ^ Det7^2>(^)(C;(Z}^^))•Det7^2=(^)(7^^(5A)'^=°[0])-^ 

^Det7^J(^)(7^-(5,)^=°[0])-^ 

where the second isomorphism is induced by i2- 

Because one has a natural 7^^(r)-linear isomorphism 

7^X(^)^(7^^)'^=0:r^^r/■(l + 7^) 

(we remark that this isomorphism depends on the choice of tt, i.e. the choice 
of (), we can also define an isomorphism 7l'^(T)es^ ^ 71'^ {S\)'^^^ : t] ■ es^ ^ 
[r] ■ {1 + tt)) ■ es^, and this induces an isomorphism 

(43) 64 : Det7^2>(^)(7^^(5A)^=°)-' ^ Det7^2>(^)(7^X(^)e,J-^ 

Composing the isomorphisms Li, l^, 64, we finally obtain an isomorphism 

^5 := 64 o ^3 o ^1 : Det7^^(^)(C;(7^^(5A))) ^ Det7^2>(^)(7^X(^)e^J-^ 

Definition 4.1. Using the identification (1331) . we define the e-isomorphism by 

e7^5>(r),c(Dfm(^A(5A)) : A7^2>(^)(Dfm(7^A(5A)) 

^ Det^^(^)(7^X(^)e,J-l • Det7^2>(^)(7^X(^)e,J ^ 1^2>(r), 

where the last isomorphism is the canonical one. 

By construction, it is clear that, for each continuous homomorphism f : A ^ A', 
we have 

e7^2=(^),c(Dfm(7^^((5A))) ® id^' = £:7^-(^),c(Dfm(7^^/(5/(A)))) 
under the canonical isomorphism 

A7^J(^)(Dfm(7^^(5A))) ®a A' ^ A7^^,(^)(Dfm(7^^(5A)§A^')) 

^ A7^^,(^)(Dfm(7^A/(5/(A))), 

where the last isomorphism is induced by the isomorphism 

TiA{5x)®AA' 7^A/(5/(A)) : g{7i)es^m h-> a5c^(7r)e5^.j^j, 

where we define gf{iT) := E„ez /(^n)7r" G TZa' for ^((Tr) = Zln.ez^"'^'' ^ 

Next, we consider a rank one ((^, F) -module over TZa of the form 7^a('5) for a 
continuous homomorphism 5 : A^ . Set 

A := 6{p) and 5o •= <^lz^ 
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which wc freely see as a homomorphism 60 : T ^ by identifying % : F ^ . 
We define a unique continuous A-algebra homomorphism 

fs, : 7^^(^) ^ A 

such that /5o([7]) = ^0(7)"^ for 7 G F. Then, we have a canonical isomorphism 
defined by 

for /(tt) G T^a, V G (r) , a G A. Hence, we obtain a natural isomorphism 

A7ej(r)(Dfm(7eA(5A))) ®7^3=(^),/,„ ^ ^ AA(7^A(5)). 
Definition 4.2. We define an isomorphism 

by 

eA,c(^A(5)) := £7^2>(r),c(Dfm(7eA((5A))) 1 
under the above isomorphism. 

Next, we consider a rank one ((^, F)-module of the form 7?.a((^) <H)a for an 
invertible A-module C 

Lemma 4.3. Let M he a {ip^V) -module over TZa (of any rank), and let C he an 
invertihle A-module. Then, there exist a natural A-linear isomorphism 

Aa{M0a C) ^ Aa{M). 

Proof. The natural isomorphism C'^^{M <^a J-) — > C'*,7(-^) ®a induces an iso- 
morphism 

Aa,i(M ®a C) ^ Aa,i(M) • 0). 

Because we also have a natural isomorphism Ca{M ®a >C) ^ Ca{M) ®a we 
obtain a natural isomorphism 

Aa,2(M ®a C) ^ Aa,2{M) ■ 0). 

Then, the isomorphism in the lemma is obtained by taking the products of these 
isomorphisms with the canonical isomorphism [C®'^'^ , 0) • {C®~'^'^ , 0) ^ 1a- 

□ 

Definition 4.4. We define an isomorphism 

£a,c(^a((^) ®a C) : AA{nA{5) ®A C) ^ 1a 

by 

under the above isomorphism Aa(M ®a ^) -> ^^(M). 
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Finally, let M be a rank one r)-module over TZa- By Theorem 12.8^ there 
exists unique pair (5, C) such that g : M ^ 'Tl{5) (8>a -C. This isomorphism induces 
an isomorphism g^. : A^(M) —)■ /S.a{JZa{5) ®a -C). 

Definition 4.5. Under the above situation, we define 

£A,c(M) := £a,c(^a(5) ®a C)) o : Aa(M) ^ 1^. 

Lemma 4.6. The isomorphism e^^^(M) well-defined, i.e. does not depend on 
9- 

Proof. Because we have Aut(7^^((5) 0^ C) = (where Aut(M) is the group of 
automorphisms of M as (9?, r)-module over TZa), it suffices to show the following 
lemma. □ 

Lemma 4.7. Let M be a {(f,r)-module over TZa. For a G , let denote by 
ga : M M : X ^ ax. Then, we have 

i9a)* = idAA(M) 



Proof. This lemma immediately follows from the fact that ga induces Ai ^(M) ^■ 
Aa,i{M) : X ^ a-^'^'x and Aa,2{M) ^ Aa,2{M) : x ^ a^'^'x by definition. □ 

Remark 4.8. For another choice of a Zp-basis of Zp(l) (a G ), we similarly 
define an isomorphism e^_^o(M) : A^(M) ^ 1a using the parameter vr^a instead 

of 71. 

Remark 4.9. By definition, it is clear that e^^^(M) constructed above satisfies the 
condition (i) in Conjecture 13.91 Moreover, it seems to be possible to directly prove 
the condition (iii), (iv), (v) of Conjecture 13.91 (more precisely, (in) seems to be very 
easy to prove, and (v) also seems to be easy if one knows the Kato's construction 
of ex,c{T) for rank one T in |Ka93bj . and (iv) seems to be a little bit difficult 
but interesting to directly prove because it seems to be related to a generalization 
of Perrin-Riou's Rec(^) in our setting. In the next subsection, we prove these 
conditions using density arguments in the process of verifying the condition (vi). 

Remark 4.10. Define Oe := {J2n&'^n'^^\a'n G Zp,a_„ — )■ (n — )■ +00)}, 0£+ : = 
Zp[[7r]], and 0£(+)^j^ := O£(+)0Zp^. Define C°(Zp,A) to be the A-modules of A- 
valued continuous functions on Zp. Using the similar exact sequence 

^ Oe-,,A ^ Oe,A ^ C°(Zp, A) ^ 0, 

and using the equivalence between the category of A-representations of Gq^ with 
that of etale ((y9, r)-modules over Os^a [DeeOlj . it seems to be possible to define 
an epsilon isomorphism eA.cl^l*^)) fo^' ^ '■ — A^ in the same way as the 
definition of eA,(^(JZA{S)). Using this e-isomorphism, it is clear that our epsilon 
isomorphism e^ ,^(7^^(5)) satisfies the condition (v) in Conjecture 13.91 Moreover, 
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if one know the Kato's construction of his epsilon isomorphism, one can easily 
compare the above eA.cl^l*^)) with Kato's one. 

4.2. Verification of tiie conditions (iii), (iv), (v), (vi). In this final sub- 
section, we prove that our ^-isomorphism eA^(^{M) constructed in the previous 
subsection satisfies the conditions (iii), (iv), (v), (vi) of Conjecture 13.91 In fact, 
the main part is to prove the condition (vi); the other conditions follow from it 
using density arguments. 

Therefore, we mainly concentrate on the case where A = L is a finite extension 
of Qp in this subsection. Before verifying the condition (vi), we describe the 

isomorphism eLx(J^L{S)) '■ '^l(J^l{S)) — ^ 1l for any continuous homomorphism 
6 = 6x6o : Qp in a more explicit way. To do so, we need to describe the 

isomorphisms Li^s '■= k ^nf^(r)jsg i^L in more explicit way as follows. 

For a 7^^(r)-module A^, define a F-module N{6o) := A^e^^ such that •y^xesa) = 
5o(7)([7] ■ x)esf^. Then, we have a natural quasi-isomorphism 

N[-l] ^nririfs, L^N ^n^iv) [7^r(^)p.o ^ ^r(r)P5„] ^ C;{N{5,)). 
Hence, if A^[0] G Yi^^^^^ilZf^ {T)) , then we obtain a natural isomorphism 

Detz.(iV[-l]) ®7^-(^),/,„ L ^ Deti(q(iV(5o))) ^ J] Deti(H;(iV(5o)))(-'^ 

j=0,l 

Moreover, if is also equipped with a commuting linear action of ip such that 
C*(M) G Dpgj,f (7^^(r)), then we obtain a natural isomorphism 

2 

Deti(C;(iV)) ®nt(T)j,^ L ^ Det,.(C;,(Ar(5o))) ^ J] ^^^^(^^.7(^(^0)))^"'^ 

i=0 

In particular, the isomorphism l^^^ := L5 ^Ti^{r),fso ^ '^^^ written as 
2 

i5,6 ■■ ^Deti(Hi^,(7^i((5)))(-l)' ^ Detn^^r){nT{r)es,)-'^nrir)js,L ^ Detz.(Le,)-i, 

i=0 

where the last isomorphism is induced by the isomorphism 

(r)e5;, ^TZfjs^ Leg: (r/e^J O a ^ afso{v)es. 

Therefore, to verify the condition (vi) when TZl{S) is de Rham, we need to relate 
the map ^5 5 with the Bloch-Kato's exponential map or the dual exponential map. 
To do so, we divide into the following three cases: 

(1) 6 7^ x^'^,x''^'^\x\ for any k G Z^q (which we call the generic case). 

(2) 6 = x~^ for A; ^ 0. 

(3) 5 = x^+Vl for k^O. 
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We first verify tfie condition (vi) in tlie generic case via establisliing a kind of 
explicit reciprocity laws (see Proposition 14.12] and Proposition 14.18]) . Then, we 
prove the condition (iii), (iv) and (v) using the generic case by density argument. 
Finally, we prove (vi) in the case (2) via direct calculations, and reduce the case 
(3) to the case (2) using the duality condition (iv). 

In the remaining parts, we freely use the results of Colmez and Chenevier con- 
cerning the calculations of cohomologies ,^(7^i;,((5)), ,^(7^2^(5)) and ,^(LA(Zp, 
L){6)); see Proposition 2.1 and Theoreme 2.9 of |Co08] and Lemme 2.9 and Corol- 
laire 2.11 of pIT3] . 

4.2.1. Verification of the condition (vi) in the generic case. In this subsection, we 
assume that S is generic. Then, we have 

R^^.iLt'^es) = ii^,,{Ly'es) = H;,^(LA(Zp, L)(5)) = 

for any k G Z;>o and i G {0, 1, 2}, and 

H;,,(7^L(5)) = H;,^(7^r(^)) = 

for i = 0,2 ,and 

dimiH;_^(7^L(5)) = dimiH;^^(7^^(5)) = 1. 
Then, Li^g := ti ^Ti'^{r)js^ id^ is the isomorphism 

(44) Det,(H;^(7^,(5)))-l ^ Det,(H;(7^r (5)^=1))-^ 
induced by the isomorphism 

H^(7^r(5)^=^) ^ H;^(7^a5)) : [x] ^ [x,0]. 
The isomorphism 64 5 o is the isomorphism 

(45) Det^(Hl(7^^(5)'^=^))-l ^ Detz.(H;(7^r^(5)^=°))-l ^ Det^(Le,)-\ 
where induced by the isomorphism 

R]{nT{Sr=') i^i^il^i^ ^(7^^(^)'^=°) ^ Les, 

where the last isomorphism is explicitly defined as follows. For an explicit defini- 
tion of this isomorphism, it is useful to use the Amice transform. Let -D(Zp, L) : = 
HomL(LA(Zp, L), L) be the algebra of L- valued distributions on Zp. By the theo- 
rem of Amice, we have an isomorphism 

D(Zp, L) ^ 7^- : ^ f,{n) := J] ^^{ Q )7r" 

( which depends on the choice of vr, i.e. () where (^) := ^ Then, the 

action of {(p,T,ilj) on TZf induces the action on D{Zp,L), i.e. 

/ fivM^^M ■■= [ f{py)Ky), [ fivM^^M ■= [ f{-)M 

JZp JZp JZp J pZ,p P 
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and 

/ f{yWa{l^){y) ■= / f{ay)ii{y), 

where, for a G , we define ctq e F such that x(ca) = 

Using this notion, it is easy to see that the above isomorphism is defined by 

|J-tor|fOgo(,X(,7jj 

where we remark that we have an isomorphism D{'L'^,L)e5 ^ TIl{S)'^^'^ : /les ^ 

For a F-module A^, we define H^(F,A^) := N/Nq, where Nq is the submodule 
generated by all (7 — l)n for 7 e F, n e N. Then, we have the following canonical 
isomorphism 

R\r,n^(5)^=') ^ H;(7^~(5)^=^) : [/e,] ^ [|Ftor|logo(x(7))PA(/e5)] 

(where "canonical" means that this is independent of 7, i.e. is compatible with 
i-y^j')- Composing this with 44 ,5 o i^^g, we obtain an isomorphism 

(46) Deti(Hi(F, nL{5)^=')y^ ^ DetLiLes)-' 

induced by the isomorphism 

By the above arguments, we obtain the following lemma. 
Lemma 4.11. We have 

M.es]) = / S-\y)i,{y) 

for [/^e5]GHl(F,7^z.(5)^=l). 

Proof. For f^es E 7^^(5)'^=^ we have (1 - ip){f^es) = ((1 - ip^)f^) ■ eg. Then, the 
lemma follows from the formula 

/ - = / ^ f{x)fx{x). 

for IX e D{Zp,L). 

□ 

Next, we furthermore assume that TIl{S) is de Rham. By the classification, 
it is equivalent to 5 = Sx'' for A; e Z and for a locally constant homomorphism 
S : Qp ^ . In the generic case, we have the following isomorphisms of one 
dimensional L- vector spaces. 

(1) exp^^(,_,^|^|) : H^_^(7^i(5)) ^ ^^71^(6)) if /c ^ 0. 

(2) exp^^(,) : DdR(7e4<^)) ^ H^,,(^l(<5)) iik^l. 
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Let define n{6) G Z^q as the minimal integer such that ^|(i+pnZp)nz^ trivial. 
Then, we have the following facts: 

(1) n{S) = if and only if 1Zl{5) is crystalline. 

(2) £i(Dpst(7^i((5)),C) = lifn((5) = 0. 

(3) ei(Dpst(7^i(5)),C) = 5(p)"('^E.e(z/p"Wz)x m-\;.is, if ^ L 

(4) £i(Dpst(7^L((5)),c) ■£L(Dp,t(7^i(rlx|x|)),c) = 

By definition of £:l_^(7^l(5)), (i = 1, 3, 4, 5), and e^^(7^L(5)) and by Lemma 
14. m to verify the condition (vi), it suffices to show the following two propositions 
14.121 {k ^ 0) and 14.181 {k ^ 1), which can be seen as a kind of explicit reciprocity 
laws. 

Proposition 4.12. If k ^0, then the following map 

exp* 1 1 

(where the first isomorphism is defined by [fes] ^ [\T{oT\^ogQ{x{l))PA{fGs),^]) 
sends each element [f^es] G }i^{r,nf^{6)^=^) to 

(1) (-fc)! e{Ti%u)t'' 5'\y)Ky)^5 tfn{5) ^ 0, 

Proof. Here, we prove the proposition only when = 0, i.e. 5 = 5 is locally 
constant. We will prove it for general ^ after some preparations on the 
differential operator d. 

We assume that /c = 0. For such 5, we define a map 



gn,(5) : DdR(7^z.(5)) ^ HVDdif(7^L(5))) : x ^ [log(x(7)) 



which is easy to see to be isomorphism. By Proposition 2.16 of |Nal3j . we have 
the following commutative diagram 



H^,7(^l(5)) DaK(7^,(5)) 



(47) 



can 



Set riQ ■= max{n(5),l} if p 7^ 2, and set uq := max{n((5),2} if p = 2. Then, 
the image of [^e^] G R^{T,n'^{S)^=^) ^ H^_^(7^L(5)) by the canonical map 
can : Hl,_^(7^L(5)) ^ H^ (Ddif (7^((5))) is equal to ' 

[|rtor|logo(x(7))PA(^no(/Me5)))] G H^ (D^if (7^(5) ) ) . 

53 



Hence, it suffices to calculate 5'7^^(5)([|rtor|logo(x(7))PA(<-no(//ie5))]). By definition 
of gnLiS)j it is easy to check that we have 

9nl(S) i I ^tor I logo (x(7) )Pa (^no iU^s))]) 





.(<5) 


1 




{p<Hj>))" 


(<>) 


1 




(P<5(p))" 


(*) 


1 




(p5(p])" 


(5) 







|rioi|iogi)(.\(7)) 1 , ,| , 

- log(x(7)) [Q,(Cp..) : Qp] .^(.li,,/'""""""'"'^"'- 

Concerning the right hand side, when n{S) ^ 1 if p 7^ 2, or n{S) ^ 2 if p = 2, 
we have the following equalities, from which we obtain the equality (1), 

(RHS) = ''''rog'(x(Sr^\Qp(C^i))^Qpl ^ie(z/p"Wz)x (^i{f'n{S){Ues)\t=o) 

_ |rtor|iogo(x(7)) p 1 - 1 r /^2/ ,/('',/^fi.^ 

~ iog(x(7)) (p-1) p^c^) Z^je(z/p"('5)z)x ',pn(5)A'iy;t;5; 

EiG(z/p"Wz)x '^(^) Izp(pn(s)fJ^{y)e5 

SiG(Z/p"('')Z)x ^(0(SjGZ/p"('')Z Cpn(«) Ij+pn{S)Zp 

Sjez/p"('5)z(I^iG(z/p"('5)z)x ^(OCpn(«)) Ij+pMs)Zp l^(y)^s 
e(z/p"('')z)x e(z/p"(*)z)x ^(^)Cpi(5)) Ij+pMS)Zp 
e(z/p"(*)z)x 

= £L(Dpst(7^L((5-la;|x|)),C) /^x S-\y)f^{y)es 

where the second equality follows form ^^^^kl^^^^f^ ^rr — 1 ^^^^ 
sixth equality follows from the fact that (Eig(z/p"('5)z)x '^(OCpn(i)) = if p\j, and 
the seventh and eighth follow from the properties of £-constants listed before this 
proposition. 

When n{S) — 0, we have no = 1 if p 7^ 2 and no = 2 if p = 2, then we have the 
following equalities 

(RHS) = pb" Eie(Z/p"0Z)x (^iil'noiflJ,^s)\t=o) 
~ Eig(Z/p"0Z)x '^j(5(p)"o 
~ (p5(p))"o Eie(Z/p"0Z)x Jzp Cp"oA*(y)65 

^ (p<5(p))"o Eie(z/p"oz)x (Ejez/p"oz 

~ (p<5(p))"o EjgZ/p"oz(Eie(Z/p"oZ)x Cp"o) Jj+pnoZp (^(y)^S, 

where the first equality follows form l'"tor|iogo(x(7)) 1 = ^ for any p. 

^ log(x(7)) [Qp(Cp"0 ):Qp1 p ^ 

When p 7^ 2, the last term is equal to 



7-t((p- 1) / M - [ Mhs 

iP) Jplr, iz? 



p(5(p) 

because we have Ei6(z/pZ)x Cp^' = P - 1 if p|j and Eie(z/pZ)x Cp''' = -1 if P /j- 
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Because /^e^ G TZ°^{6)^ , we have ip{f^) = 5{p)f^, hence we have 

M = [ = Sip) [ fi{y) = 5{p)i [ M + I M), 

JZp Jlp Jz^ JpZp 

and we have 

Hp) 



because we have 5{p) 7^ 1 by the generic assumption on 6. 
Therefore, we have 



p5(p)^ l-5{p) 



l-5{p)) 

from which we obtain the equahty (2) for p ^ 2. 
When p = 2, then the last term is equal to 

because we have X]tg(z/4Z)x d is equal to 2 if j = (mod 4), is equal to if j = 1, 3 
(mod 4), and is equal to —2 if j = 2 (mod 4). Because we have ipi^f^) = S{p)f^, 
we have 

M= [ m{y) = mf My) = '5(p)t^^ / My) 

where the last equality follows from the same argument for p ^ 2. 
Therefore, we have 



(Lz, M - /2Z2 /^(y))e5 = ^('^Wirl^ - T^) ks ^(y)e5 



p6{pY\J4:Z2r'\tl ' J2Z2 '^vyyy^a p(5(p)2 i-5(p) l-5(p) 

_ 1 2S(pf-5(p) r .X 

~ p5(p)2 i-s{p) h^yyj^s 

= ^ k^ f^iy)^s, 

from which we obtain the equality (2) for p = 2. 



□ 



To prove the above proposition for general ^ 0, we need to recall and prove 
some facts on the differential operator d defined in §2.4 of |Co08] . which will be 
used to reduce the verification of the condition (vi) for general k to that for k = 0,1 
(even for the non generic case). 

Let A be a Qp-affinoid algebra. We define an A-linear differential operator d : 
TZa — )■ TZa '■ /(tt) ^ (l+vr)^^^^. Let 5 : — )■ be a continuous homomorphism, 
then d naturally induces an A-linear , [ip, r)-equivariant morphism 

d : TZaIS) -> nA{6x) : f{7f)es ^ d{f{n))es,, 
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which is in the following exact sequence 

By this exact sequence, when A = L is a finite extension of Qp, we immediately 
obtain the following lemma. 

Lemma 4.13. d : C^^^{TZl{5)) C^ .^{1Zl{5x)) is quasi-isomorphism except when 
5 = 1, . 

Using the above exact sequence, and using the canonical trivialization ( (1211) in 
§3.1) 

Det^(C;^(A(5'))) = DetA(Cone(q(A(y)) ^ C;iA{5')))[-l]) 4 U 

for 6' = 6,6\x\^^, we obtain the following isomorphism which we also denote by d: 

9: A^,l(7^^(5))4 A^,l(7^^(5x)). 

Taking the product of this isomorphism with the isomorphism 

Aa,2{T^a{5)) AA,2iT^Ai5x)) : aes ^ ae^^, 

we obtain the isomorphism 

d : AA(7^^((5)) 4 A^(7^A(fe)). 

By definition, it is clear that this isomorphism is compatible with any base change 
A->A'. 

Concerning this isomorphism, we prove the following proposition. 

Proposition 4.14. In the above situation, we have 

EAxiT^AiS)) = eA,(;iT^Ai5x)) o d. 

Proof. The proof of this proposition is a typical density argument, which will be 
used several times later. 

If we define a unramified homomorphism 6y '■ Qp r(G^,(9(Gan)^ : p Y 
(where Y is the parameter of G^), then 71a{S) is obtained as a base change of the 
"universal" rank one ((^, F) -module Dfm(7^(Kan(5y)) over TZxxg^ (^ is the rigid 
analytic space associated to Zp[[r]]). Because the isomorphism d : Aa(JIa{S)) ^■ 
Aa{TIa{Sx)) is compatible with any base change, it suffices to show the proposition 
for Dfm(7?.G^"(5y)). Because X x is reduced, it suffices to show it for the 
Zariski dense subset Sq of X x G^ defined by 

5*0 := {{Sq, A) G X(L)xG^(L)|L is a finite extension of Qp, 6 := 6xSo is generic }. 
For any (5o) in So{L), eL^c_{lZL{5)) essentially corresponds to the isomorphism 

is : Hi(r,7e-(5)'^=i) 4 Les : [f^ ^ [ 5-\y)^{y)e, 
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by Lemma 14.111 and by the arguments before this lemma. Then, the equahty 
£l,c(J^l{S)) = £lx(J^l{S^)) °d is equivalent to the commutativity of the following 
diagram 

R\r,nf{6)'^=^) Les 



^5x 



Finally, this commutativity follows from the formula 

f{y)d{i^){y) = / yf{y)M 



for any f{y) G LA(Zp, L), which finishes to prove the proposition. □ 



We next prove the compatibility of d with the de Rham e-isomorphism ej^{TZL{5)) 
for de Rham rank one [if, r)-modules TZl{S) under a condition on the Hodge- Tate 
weight of 1Zl{5) as below. 

Lemma 4.15. Let 1Zl{5) he a de Rham {(p, V)-module (here we don't assume that 
5 is generic). If the Hodge-Tate weight ofTZiiS) is not zero, i.e. we have 6 = 5x^ 
such that k ^ 0, then we have the equality 

Remark 4.16. Of course, after verifying the condition (vi), this compatibility is 
trivial by the above proposition I4.14[ but the difficulty for directly proving this 
compatibility depends on the Hodge-Tate weight. The proof for A; = is more 
difficult than that of other cases; see the proof of Proposition I4.18[ 

Proof. Because we have DdR(7?.L((5)) = (Loo^e^)^, under the condition that k 0, 
the differential operator d naturally induces an isomorphism 

d : DdR(7^L(5)) ^ DdR(7^L(5x)) : ^es ^ {-k)-^es, 

because we have d{g{t)) = for g(t) E Loo((t)). Hence, by definition of of 
£:dR(M) = 9l{M) ■ 6'dR,L(M,C) and 7l,m in §3.2, it suffices to show the following 
two equalities: 

(1) e'dnL{s)) = e'^{nL{6x))od, 

(2) ^dR,L(7^L(5), = 1- VL(7^L(^X), c) o d, 
under the isomorphisms 

d:=d^d: Ai,l(7^L(5)) ■ Det,.(DdR(7^z.(5))) ^ A,.,l(7^i(5x)) ■ DdR(7^z.(5x)) 

and 

d := d~'®d : Detz.(DdR(7^z.(5)))-^•Az.,2(7^L(5)) ^ Detz.(DdR(7^i(5x)))-l■Az.,2(7^L(5a;)). 
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We first prove the equality (2). By definition of 6'dR,L(M, C), it suffices to show 
that the following diagram commutes: 



CL{nL{6x)) = Le. 



Sx 



> DdR(7^L(5x)), 



where the map fTiL{S'),( (fo^ ^' = is defined in Lemma This commutativ- 

ity is obvious from definition of fizL{So),Cy because we have a natural isomorphism 



in particular we have £:i(Dpst(7^L(^)), C) = £:L(Dpst(7^L(5x)), ()• 

We next prove the equality (1). Under the assumption that /c 7^ 0, it is easy to 
see that d induces the isomorphisms 



and 



and 



DdR(7^L(5)) ^ DdR(7^L(5x)), Fil°DdR(7^L((5)) ^ Fil°DdR(7^L(5x)) 



Deris (7^L(<5)) ^ Deris (7^L(5X)). 



for any i = 0, 1, 2 by Lemma [4. 131 Therefore, by definition of 6'j^{TZl{6)), it suffices 
to show that the following two diagrams of exact sequences are commutative for 
M = 7^z.(5): 
(48) 

HO (M) y Deris(M) y Deris(M)©tM ^ Hi (M) 



HO ,^(M(x)) ^ Deris(M(x)) > Deris(M(x))©tM(x) > Hl_-y(M(x)) 



and 
(49) 
H^,^(M) 



H^,,(M(x)) 



Deris(M*)^®DdR(M)0 

Deris(M(a;)*)^©DdR(M(x))^ 



Deris(M)^ 

Deris(M(a;)*) 



H2 (M) 



> H2 ,(M(x)), 



where 9^ is the dual of 9 : Deris(M(2;)*) = Deris(7^L(5" VI)) ^ Deris(7^L(5"^x|a;|)) = 
Deris (j^*)- For the commutativity of the diagram fH5]) . the only non trivial part 

58 



is the commutativity of the diagram 



Deris (M) © tM 



Deris 



oxPM,f®expj,,^ 
> 



expM(i),/ffiexpjv/(^) 



(M) 



(M(x)), 



but this commutativity easily follows from Proposition I2.22[ Using the commuta- 
tivity of (HSj) for M = 71l{6~^\x\), to prove the commutativity of (H^ . it suffices 
to show the commutativities of the following diagrams: 



(50) 



and 



(51) 



DdR(M) 
a 

DdR(M(x)) 



d 



,(M*) 



> DdR^ 

> DdR(M(x)*)^ 



(M* 



H^,,(M(x)) ^ H2-(M(x)*) 



where the horizontal arrows are isomorphisms obtained by the canonical duality 

DdR(Mo*) X DdR(Mo) DdR(7^L(l)) = L\ei 1^1^ i and the Tate duality 
<-,->: H2-^(M*) X H^_^(Mo) -> L for Mq = M,M{x). Because the commu- 



tativity of fl50l) is easy to check, here we only prove the commutativity of fl5T|l 
Moreover, we only prove it for i = 2 because other cases are proven in the same 
way. For z = 2, it suffices to show the equahty 

m)ge^] = -[fdig)e^]E}ll^inLil)) 

for any [fes] G ,^(7^l((5)) and ges~i\^\ e H° ,^(7?.l((5" VI))- Because we have 
d{fg) = d{f )g + fd{g), the equality follows from the fact that we have [d{h)ei] = 
in H2 (7^L(1)) for any h G Ul- 



□ 



Remark 4.17. Proposition l4.14l and Lemma r4.15l and the following proof of Propo- 
sition I4.12[ should be generalize to a more general setting. Let M be a de Rham 
(99, r) -module over TZl of any rank. In §3 of |Nal3j . we developed the theory of 
Perrin-Riou's big exponential map for de Rham {(f>, r)-modules, which is a TZf^{r)- 
linear map ,^(Dfm(M)) ^ Hj,_^(Dfm(Nrig(M))) where NHg(M) C M[l/t] is a 
de Rham (</?, r)-module equipped with a natural action of the differential operator 
d defined by Berger. This big exponential map is defined using the operator d, 
and our generalization of Perrin-Riou's S{V) theorem (Theorem 3.21 |Nal3j ) states 
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that this map gives an isomorphism 

dM : A7^^(^)(Dfm(M)) ^ A(Dfm(N,ig(M))). 

Therefore, as a generahzation of Proposition I4.14[ it is natural to conjecture that 
the conjectural e-isomorphisms should satisfy 

£7^j>(r),c(Dfm(M)) = £7^-(^),c(Df^l(N,ig(M))) o 9m, 

which will be more precisely studied in [Na]. 

Using these results, we prove Proposition 14.121 for general A; ^ as follows. 

Proof, (of Proposition 14.121 for general /c ^ 0) 

Let 5 = 6x^ be a generic homomorphism such that k ^ 0. By the arguments 
before Proposition 14. 12^ it suffices to show the equality eL^^(JlL{6)) = 6:^^(7^^ (5)) 
(i.e. the condition (vi)). 

Because we have 

^L,c(^L(5))=4!c(^iW) 

by Proposition 14. 121 for /c = 0, we also obtain the equality 

^l,c(^l(5))=4!c(^^W) 

because we have 

eL,dT^L{5)) = eL,dT^Li5))°d-' and £f^(7^i(5)) = £f^(7^i(5)) o 9"'= 
by Proposition 14.141 and Lemma 14.151 

□ 

We next consider the case where k ^ 1. To verify the condition (vi), it suffices 
to show the following proposition. 

Proposition 4.18. If k^l, then the following map 

Hl(^,7^r (5)^=1) ^ iii,{n,{6)) ^^^^ J^MndS)) 

sends each element [f^es] E R^{T,nf{6)^=^) to 

(1) -{k - lV-jj^JI0(s)uW Iz- ^'\y)f^iy)^s when n{6) ^ 0, 

(2) -{k - ^y'-^^^zf^^S0m^'-^ k ^-'(y)M^s when n{6) = 0. 

Proof. In the same way as the proof of Proposition I4.12[ it suffices to show the 
proposition for /c = 1 (i.e. 6 = Sx) using Proposition 14.141 and Lemma [4.151 

Hence, we assume k = 1. Then, in the similar way as the proof of Proposition 
14.121 (for = 0), we have the following commutative diagrams 

H^,,(^45~)) < Hl(^,7^r(5)^=^) Le-, 



(52) 



H4,,(^l(5)) < E\T,nT{Sr=') Les 
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such that all the arrows are isomorphisms by Lemma r4.13[ Hence, reducing to the 
case of /c = 0, it suffices to show that the following diagram is commutative, 
(53) 



a 



R\T,n^{Sr=') > H^,,(7^L(5)) ^^^^ DdR(7^^(5)) = (Looie^)^. 

The following proof of this commutativity is very similar to that of Theorem 
3.10 of [NiTS]. Take [feg] G ll\T,nf{5)'^=^). If we denote by 

ae-, := exp;^(,-_,^|^|)([|rtor|logo(x(7))PA(/e5), 0]) G DdR(7^z.(5)) C D^if (7^z.(5)), 

then it suffices to show the equality 

a 

^^PnL{S)ij^s) = |rtor|logo(x(7))[PA(<9(/)e5),0]. 
We prove this equality as follows. First, we have an equality 

for a sufficiently large n ^ 1 by the explicit definition of exp^^^^_^^|^|^ (Proposition 

2.16 of |Nal3] ). This equality means that there exists ?/„ G D^jf ^(7^.^(5))^ such 
that 

|rtor|logo(x(7)) 



log(x(7)) 
i°g(b]) 

log{x(7)) 



-in(pA(M-)) - ae^ = (7 - l)yn. 



If we define Vq := ^ (r) , and define 



7 - 1 ' log(x(7)) rn 
then we obtain the following equality 

/P-.X jrtor|logo(x(7)) Vq , //^XNX 

log(x(7)) 7 - 1 



^ ae-, + Vo(2/„) G 7— + tD+ (7^L(5)). 



log(x(7)) log(x(7)) 
Because we have /e^ G 7^l(5)'^"^, we have 

(l-¥')(PA(M))G7^a5)^'^=° 

Hence, there exists (3 G 7?.l((5)^''^"° such that 

(l-^)(pA(/e^)) = (7-l)/3 
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(see, for example, Theorem 3.1.1 of [KPX12j ). Then, for any m ^ n + 1, we have 

im(-^(PA(/e5))) - im-l(-^(pA(/e^))) 

7 — i 7 — i 

= - ^)(^(PA(/e^)))) = U^iil - v){PA{fem 

7 — i 7 — i 

because we have Vo(7^l(5)) ^ t7lL{S). In particular, we have 

(55) U:^iPAife-,))) - U:^{PA{fes))) G tBi^^jn,{6)) 

for any m ^ n + 1 by induction. 

Because the map 7^.^(5) ^ j71l{6) : (^e^j i— )■ ^e^ is an isomorphism of T)- 
modules, the facts (15^ and (155|) , and the explicit definition of the exponential map 
(Proposition 12.221 (1)) induce the following equality 

exp^^(,)(f e^) = |rtor|logo(x(7))[(7 - l):^(PA(|e5)), (V^ - l)-^(p^(|e5))] 
= |rtor|logo(x(7))[Vo(pA(fe5)),0] 
= |rtor|logo(x(7))[PA(9(/)e5),0], 

where the last equality follows from the equality Vo{jes) = d{f)es because we 
have Vo(7e5) = by the assumption that k = 1, from which the commutativity 
of the diagram follows. 

□ 

As a corollary of Proposition I4.12[ I4.18[ we verify the conditions (iii), (iv), (v) 
by the density argument. 

Corollary 4.19. Let M be a rank one {(p,T) -module overTZj^. Then the isomor- 
phism eA,(;{M) : A^(M) — )■ 1a which is defined in §^.i satisfies the conditions 
(iii), (iv), and (v) of Conjecture \3.9[ . 

Proof. We first verify the conditions (iii), (iv). By definition of e a,c{T^a{S) ^a^C.) , it 
suffices to verify these conditions for {ip, r)-modules of the form 71a{S) because the 
general case immediately follows from this case. Then, in the same way as the proof 
of Proposition it suffices to verify these conditions for any S = 6x6o : — > 
such that the point (5o, A) G X x is contained in a Zariski dense subset 5*1 of 
X X G'^ defined by 

5i := {(5o,A) G X{L) X G'^{L)\[L : QJ < oo,5 is generic ,7^L(5) is de Rham }. 

For such 6, the conditions (iii), (iv) follow from Definition 13.61 and Lemma 13.81 
because we have eL,((TlL{S)) = 4^^(7^L((5)) by Propositions E^l ESI 
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We next verify the condition (v). Let (A,T) be as in Conjecture 13.91 (v). We 
recall that we defined a canonical isomorphism 

Aa(T) ®a Aoo ^ A^^(Moo) 

(see Example 13. 3 1 for definition and notation). Because any continuous map A — )■ A 
factors through A — )■ Aoo — )■ A, it suffices to show the equality 

(56) £A,c(T) ® idA^ = eA^,dMoo){:= 1^£a„,c(M„)). 

n 

Because the condition (v) is local for Spf(A), it suffices to verify (v) for A- 
representations of the form A(5) for 6 : Gq^ — t- A^. Let decompose 6 = 6 o recQ^ 
into 6 = 6x6o. Because A/triA is a finite ring, there exists k ^ 1 such that = 1 
(mod ttia). Then, we can define a continuous Zp-algebra homomorphism Ak : = 
\^^Zp[Y]/{p,(Y^ — 1))" -> A : F h-). A. Hence, the A-representation A{6) is 
obtained by a base change of the "universal" Zp[[r]](8)2pAfc-representation T™*'' 
which corresponds to the homomorphism 5™™ : — )■ (Zp[[r]]®2pAfc)^ : p i— 
1®T, a I— [o"q^^]®1 for a G Z^. Hence, it suffices to verify the equality f l56|) for 
this universal one. In this case, because the associated rigid space is an admissible 
open of X X defined by 

Zfc:={(<5o,A)eXxGri|A'=-l|<l}, 

and the associated (</?, r)-module is isomorphic to the restriction of the universal 
one Dfm(7^(Gan(5y)) defined in the proof of Proposition 14.141 it suffices to show 
the equality 

Because both sides satisfy the condition (vi) for any point {6o, A) G fl Si by 
Kato's theorem ( |Ka93b] ) and by Proposition l4. 12^ 1 4. 18^ and because the set Z^nSi 
is Zariski dense in Z^, the equality (18) follows by the density argument. 

□ 

4.2.2. Verification of the condition (vi):the exceptional case. Finally, we verify the 
condition (vi) in the exceptional case, i.e. 6 = oi 5 = x^^^\x\ for k G Z^o- 
We first reduce all the exceptional cases to the case of 5 = x\x\. 

Lemma 4.20. We assume that the equality 

£L,c(^L(x|x|))=45(7^L(x|x|)) 

holds. Then the other equalities 

^L,c(7^L(5))= 45(^^(5)) 

also hold for all 6 = x''^^\x\,x~'' for k ^ 0. 
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Proof. The equahty for 6 = follows from that for 5 = by the compatibility 
of £'iq{—) and £L,ci~) with the Tate duality, which are proven in Lemma [3.81 and 
Proposition 14. 191 Then, the equality for 6 = x^~^^\x\ (respectively, 6 = x^^) follows 
from that for 5 = x\x\ (respectively, 5 = x°) by the compatibility of £^i^(— ) and 
^L,c(~) with d, which are proven in Lemma [4.151 and Proposition 14.141 

□ 

Finally, it remains to show the equality 

e^,c(7^,(l)) = 5g(7^,(l)) 

(we identify 7^l(x|x|) = 7^.^(1) : fe^ixi ^ f^i)- Because 7^.^,(1) is etale, this 
equahty immediately follows from the Kato's result because we have eLx(J^L{^)) = 
£c)^_^(C2,(l))®id2, under the canonical isomorphism Al(71l{1)) ^ Aqj^{Ol{1))^Ol 
L by Corollary 14.191 However, here we give another proof of this equality only 
using the framework of [if, r)-modules. 

In the remaining part of this section, we prove this equality by explicit calcula- 
tions. First, it is easy to see that the inclusion 

C;,(L ■ l^^ei) ^ C;,(LA(Z„L)(1)) 

induced by the natural inclusion L ■ IzpGi "—^ LA(Zp,L)(l) (here, is the con- 
stant function on Zp with the constant value 1) is quasi-isomorphism. This quasi- 
isomorphism and the quasi-isomorphism 

c;{nT{ir=') ^ c;,(7^r(l)), 

and the long exact sequence associated to the short exact sequence 

^ 7^^(l) ^ 7^L(1) ^ LA(Zp, L)(l) ^ 
induce the following isomorphisms 

ao:H°,^(L■l^^el)^Hl(^,7^r(l)^=^), 



al:H;,,(7^z.(l))^H;,^(L■lz,el): 

[/iei,/2e2] ^ (Reso(/i-^) ■ l^j^ei, Reso(/2-^ 

1 + TT 1 + 



a, : HJ,,(7^i(l)) ^ Hj,_^(L ■ l^e,) : [fe,] ^ Reso(/^) • l^e,. 

Therefore, the isomorphism ^5[-l] : IlLi DetL(H^ ,^(7eL(l)))(-i)'"' ^ Deti(L(l)) 
is the composition of the isomorphisms /3o, /3i and Lx\x\- 

2 2 

^Det^(H;^(7^i(l)))(-l)'-^ ^^DetL(H;,,(L.l^^el))(-^)'"^■Deti(Hl(^,7^r(l)'^=^)) 

i=l i=0 

^ DetL(Hl(^,7^r(l)'^=')) ^ Deti(L(l)), 

64 



where /5o is induced by ctj (i = 0, 1, 2), and /3i is the canonical triviahzation 



2 



i=0 



induced by the natural triviahzation . 

Deti(C;^(L ■ l^^ei)) = Deti(Cone(q(L ■ l^^ei) ^ C;{L ■ U^ei))[-1]) 

^ Deti(q(L ■ lz,ei)) ■ Detz.(q(L ■ Iz.ei))"^ ^ U 

To describe this isomorphism explicitly, we give several lemmas. The following 
lemma is directly follows from the definition. 

Lemma 4.21. If we denote fo := Izp^i (respectively fi^i := (1^^61,0) and fi^2 '■ = 
(0, Iz^ei), respectively f2 := Iz^eJ for the basis o/ H^^^(L • Iz^ei) (respectively 
H^,^(L ■ IzpGi), respectively H^ ,^(L ■ 12^61)^, then the canonical triviahzation 

A : Ul^iL ■ U^e.r ®^ detiH;_^(L • l^^e,) ®l HJ,^(L • lz,ei)^ ^ L 
satisfies the equality 

/3l(/o^®(/l,lA/l,2)®/2^) = -l. 

Lemma 4.22. The isomorphism 

sends the element fo to ei G L[l). 

Proof. Because we have Col(^^) = and -0(^^81) = ^^ei, we have 
«o(/o) - [ |^ . \ , ,, (7 - l)(^eO] 

|rtor|logo(x(7)) TT 

by definition of the boundary map. 
Because we have 

(7 - l)(^ei) = a(log(^))ei and log(^)e|.| e n^{\x\f=\ 

TT TT TT 

and because we have the following commutative diagram 



Hl(^,7^~(|a:|)^=l) Le 



\x\ 

e|j,|i->ei 



(57) 

R\r,nf{l)^=^) Lei, 

we have an equality 

= |r„|iog„(x(7))'*'"^<'°«<^"''-" = |r.o,|iog„(x(7)) i '^^"^'^ 
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by Lemma I4.1H where we define /x^ G 'D(Zp,L) such that /^^(tt) = log(^^). 
We calculate J^x fJ"y{y) as follows. Because we have ip{fJ>'y) = ^fJ^-y, we have 

Hence, we obtain 

Iz- ^'l(y) = kp /^7(2/) - Spi, Hiy) = kp ^'f(y) - 1 k^ 

= ^/z,/^7(y) = 2^1og(^)U=o = ^log(x(7)). 

Hence, we obtain 



rfor logo(x(7)) P 



for any prime p, which proves the lemma. 



□ 



In the appendix, we define canonical basis {/i,i,/i,2} of H^ ,^(7^i(l)), /2 G 
H^,7(^l(1))) eo G H5,,^(7ez,) and {61,1,61,2} of H^,^(7^L); see the appendix for 
the definition. 

Corollary 4.23. The isomorphism 

detiH;^^(7^L(l)) ®L HJ_^(7^i(l))^ ^ Lei 
which corresponds to sends the element {fi i A /i,2) CS) to — ^^ei. 

Proof. By definition, we have 

= ^-^log(x(7))/i,i, «i(/i,2) = ^-^/i>2 and a2(/2) = ^^log(x(7))/2- 
Then, the corollary follows from the previous lemmas. 

□ 

Finally, because we have 7l,7j^(i) = —1, and because 9dR,L(J^L{i) , C) corresponds 
to the isomorphism 

£i(7^L(l)) = Lei ^ DdR(7^i(l)) = ^Lei : aei ^ -^ei, 
it suffices to show the following lemma. 
Lemma 4.24. The isomorphism 



detiH;^^(7^i(l)) 0L H2 ,^(7^z.(l))^ ^ DdR(7^z.(l)) = L-ei 



which corresponds to 6'^{71l{1)) sends the element (/i,i A /i,2) ® to — ^^ei. 
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Proof. By definition, the above isomorphism is the one which is naturally induced 
by the exact sequence 

^ D„,.(Ki(l)) "'"""'"l D„„(Ki(l)) e Djr(Ki(1)) 

and the isomorphisms 

exp^,^^ : H;^(7^^(l))/H;^(7^^(l))^ ^ D„is(7^L)^ 

and 

which is the dual of the natural isomorphism H° ^(7^i) ^ Deris ("^l)- 

We have exp^^(]^)(|ei) = /i^2 by the proof of Lemma 14.251 Because we have 

exp/,7^i(l) = ei,2 

for c/o := 1 G L = Dcris('7^L) by the explicit definition of expj (Proposition 12.221 
(2)), and because we have < /i,i,ei^2 >= 1 by Lemma 14.28^ we obtain that 

expy,7^J/i,i) = -rfo eDeHs(7^)^ 

(we should be careful with the sign). Because the natural isomorphism H°^(7?.l) ^■ 
Dcris('7^L) sends cq to do E L = Dcris('^L), we obtain 

Dens(7^L)^ ^ HJ,,(7^L(1)) : rfo^ /2 

by Lemma 14.281 Using these calculations, the lemma follows from diagram chase. 

□ 



Appendix: Explicit calculations of H*^^(7^l) and ff^^(7^L(l)) 

In this appendix, we compare W{Qp, L{k)) with ,^(7^l(/c)) explicitly for k = 
0, 1, and define canonical basis of H^ ,^(7^l(/c)), which are used to compare e 1,(^(71 
with £:^^(7^i(l)) in Corollary 14.231 and Lemma 14.241 All the results in this ap- 
pendix seems to be known (see for example |BenOO] ). but here we give another 
proof of these results in the framework of [ip, r)-modules over the Robba ring. Of 
course, we may assume that L = Qj, by base change. 

We first consider W^^^IJIq^) . If we identify by 

H'(Qp, Qp) = Homeont(Gg;, Qp) ^ Hom,o„t(Q;, Qp) : r ^ r o recQ^, 
then this has a basis {[ordp], [log]} defined by 

ordp : Qp ^ Qp : p ^ 1, a for a G , 

log : ^ Qp : p 0, a log(a) for a E . 
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We define a basis Cq of H°^^(7^qJ and {61,1,61,2} of H^,^(7^Qj,) by 

60 = 1 G 7^Q^, 61,1 := [log(x(7)),0], 61,2 := [0,1], 

which is independent of the choice of 7, i,.e. is compatible with the compar- 
ison isomorphism l^^^i. We can easily check that the canonical isomorphism 
HHQp,Qp) -> H^,^(7^qJ sends [log] to 61,1 and [ordp] to 61,2. 
We next consider ,^(7^(Qp(l)). Let denote by 

for the Kummer map. Composing this with the canonical isomorphism H^(Qp, Qp(l)) -H- 
H^,^(7^Qp(l)), we obtain a homomorphism 

/^o:Q;^Hi,,(7^Q,(l)). 

We define a homomorphism 

Hi,,(7^Q,(l))^Qp©Qp: 

[/lei, /2ei] ^ ■ - — T^--- ■ Reso(/i-^), ^Reso(/2T^)), 

p-1 log(x(7)) l + TT p-1 l + vr 

(we note that ■ log(x(7)) = iTtorl ■ logo(x(7)))) which is also independent 
of the choice of 7, and is isomorphism. Using this isomorphism, we define a 
basis {/i,i,/°2} of H;^ 7(^83^(1)) such that /i,i (respectively /i,2) corresponds to 
(1,0) G L® L (respectively (0,1)) by this isomorphism. We want to explicitly 
describe the map using this basis. For this, we first prove the following lemma. 

Lemma 4.25. For each a G , we have Ko(a) = log(a) ■ /i.2- 

Proof. By the classical explicit calculation of exponential map, we have 

/ X .log(a) . 

K[a) = expQ^(i)(^^ei). 

Because we have the following commutative diagram 

DdR(Qp(l)) Hi(Qp,Qp(l)) 

exp-^„ (1) 

DdR(7^Q,(l)) — ^ Hl^,(7^Q,(l)) 

by Proposition 12. 25( it suffices to show that 

We show this equality as follows. We first take some / G (J^q^)^ such that 
f{(pn — 1) = ^ for any n ^ 0, which is possible because we have an isomorphism 
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"^QpA Hn^o^piCp") ■ f ^ (/(Cp" - l))n^o by Lazaid's theorem |La62]. Then, 
the element jei G (j'^Qp(l))^ satisfies 

^n((ei)-iei GD+f J7^Q^(1)) 
for any ^ 1, because we have 

U{e,) ^ ■ likl^e, = lei ( mod D+,„(7^Q,(1))). 
By the exphcit definition of (^^^ (Proposition 12.22] (1)). then we have 

exp^^^(i)(iei) = [(7 - l)({ei), - l)({ei)] G Hi,,(7^Q,(l)). 

Hence, it suffices to show that 

P Mf)-f d7T 
Reso( — -) = 

t i + TT 



and 



Reso(( /) • - 



P t 1 + TT p 

p J' t 1+-K' 



Here, we only calculate Reso((^^ ~ f) ' \ ' because the calculation of 



Reso ( '^''^\ ^ ■ is similar. By definition of /, we have 

~ " - m- - 1) - ' " - /(c - 1) = i . ^ - 1 ^ 

for each n ^ 1. Hence, we have 



by the theorem of Lazard |La62] . where we define Qn{T^) '■= V'" ^(^^7^) each 
n ^ 1. Because we have t = tt nn>i(^^]r^)' obtain the equality 

R-o((^ - /) • 7 • T^) = ((^ - /) ■ =^ ■ T^)k=o 



» t 1 + TT p rr°°^ 1 + 



TT 



p p p 

proves the lemma 



where the second equality follows from the fact that = 1 for n ^ 1, which 



□ 
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Before calculating Ko{p) G }1^^^(JIq^{1)), we explicitly describe the Tate's trace 
map in terms of {(p, r)-modules. We note that we normalize the Tate's trace map 

H'(Qp,Qp(i))^Qp 

such that the cup product pairing 

<, >: R'iQp, Qp(l)) X H^(Qp, Qp) ^ R'iQp, Qp(l)) ^ Qp 
satisfies that 

< K(a), [t] >= r(a) 
for a G Q; and [r] G Hom(Qp^ Qp) = Hi(Qp,Qp). 

Proposition 4.26. The map : H2^^(7^QJ,(1)) ^ H2(Qp,Qp(l)) ^ % which is 
the composition of the canonical isomorphism H^^(7^Qp(l)) ^ H^(Qp,Qp(l)) with 
the Tate's trace map is explicitly defined by 

h([f^i]) = ^ ■ \ — .. Reso(/- ' 



p-1 log(x(7)) l + n' 

Proof. Because the map 

diT 



i ■ H2_^(7^Q^(1)) ^ Qp : [/ei] ^ Reso(/- 



+ 7r' 



is a well-defined isomorphism, there exists unique a G Qp such that i-^ = a • i. We 
calculate a as follows. 

We recall that the element [log(x(7)), 0] ^ H^7('^iQp) is the image of [log] G 
H^(Qp, Qp) by the comparison isomorphism. By the proof of Lemma [4.251 for each 
a G Zp , we have 

K,{a) = log(a)[(7 - l)({eO, - l)({ei)] G Hi,,(7^Q,(l)), 

where / G T^q^^ is an element defined in the proof of Lemma [4.251 Because the cup 
products are compatible with the comparison isomorphism, then we have 

(58) u,{KQ{a) U [log(x(7)), 0]) =< /t(a), [log] >= log(a). 

By definition of the cup product, we have 

K,{a) U [log(x(7)), 0] = log(a)[(<^ - l)(4i) ® ^(log(x(7)))] 

= log(a)log(x(7))[(v' - l)({ei)] G HJ,,(7^Q,(1)). 

Because we have Reso((v5 — !)({) ■ j^) = by the proof of Lemma l4.25[ we 

obtain 
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L^Ma) U [log(x(7)),0]) = a ■ ti^oia) U [log(x(7)), 0]) 

/ P- 1 

= a ■ log(x(7)) ■ log(a)i([((^ - l)(-ei)]) = -a ■ log(x(7)) " ^og{a) . 

t p 

Comparing this equality with the equahty f l58|) . we obtain 

p 1 
(y = ■ 

p-1 log(x(7))' 

which prove the proposition. 

□ 

Finally, we prove the following lemma, which completes the calculation of the 
map : ^ Qp e Qp. 

Lemma 4.27. 

f^oip) = fl,l- 

Proof. Take = [/iei,/2ei] G ,y(7^Qp(l)) a representative of By defini- 
tion of the cup product, we have 



^7(/i,i U ei,i) = U [log(x(7)), 0]) 



L^iihe, ® ^(log(x(7))]) = ^Reso(/2T^) = 0, 

p — i i + vr 



and 

67(/i,iUei,2) = i7(/i,iU[0,l]) 



.,(-[/iei ®7(1)]) = ■ , -Resoai- 



P-1 l0g(x(7)) l + TT 

by Proposition 14.261 Because K,{p) G H^(Qp,Qp(l)) satisfies the similar formulae 

< k{p), [ordp] >= 1, < k{p), [log] >= 0, 
we obtain the equality 

□ 

Using these lemmas, we obtain the following lemma. We define the basis /2 of 
H^^^(7^i(l)) by /2 := ^^1)- 

Lemma 4.28. Tate's duality pairings 

<, >: Hi,^(7^^(l)) X Hi,^(7^^) ^ HJ,^(7^z.(l)) ^ L 

and 

<, >: HJ,^(7^^(1)) X <^(7^^) ^ HJ,^(7^z.(l)) ^ L 
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satisfies the following: 



< /i,i,ei,i >= 0, < /i,i,ei,2 >= 1 

and 

< /i,2,ei,i >= 1, < /i,2,ei,2 >= 0. 

< /2,eo >= 1. 

Proof. That we have < /i,i,ei,i >= and < /i,i,ei_2 >= 1 is proven in Lemma 
14.271 We prove the formula for /12. By Lemma f4.25[ we have an equahty /i^2 = 
iog(a) ^o('^) non-torsion a G . Hence, we obtain 

< /i,2,ei,i >= . . < K(a), [log] >= 1 

log (a) 

and ^ 

< /i,2,ei,2 >= — < '^(^)' [°^'^p] >= 

log (a) 

by the compatibility of the cup products. Finally, that < /2, cq >= 1 is trivial by 
definition. 

□ 

Acknowledgement. The author thanks Seidai Yasuda for introducing me to the 
Kato's global and local e-conjectures. He also thanks Iku Nakamura for constantly 
encouraging him. This work is supported in part by the Grant-in-aid (NO. S- 
23224001) for Scientific Research, JSPS. 

References 

[BelCh09] J. Bellaiche,G. Chenevier, Families of Galois representations and Selmer groups, 

Asterisque 324, Soc. Math. France (2009). 
[BenOO] D. Benois, On Iwasawa theory of crystalline representations. Duke Math. J. 104 (2000) 

211-267. 

[BB08] D. Benois, L.Berger, Theorie d'lwasawa des representations cristallines. II, Comment. 

Math. Helv. 83 (2008), no. 3, 603-677. 
[Ber02] L.Berger, Representations p-adiques et equations differentielles. Invent. Math. 148 

(2002), 219-284. 

[Ber08a] L.Berger, Construction de ((^9, r)-modules: representations p-adiques et _B-paires, Alge- 
bra and Number Theory, 2 (2008), no. 1, 91-120. 

[Ber08b] L. Berger, Equations differentielles p-adiques et ((y3,N)-modules filtres, Asterisque 
(2008), no. 319, 13-38, Representations p-adiques de groupes p-adiques. I. Representations 
galoisiennes et ((p,N)-modules. 

[Ber09] L.Berger, Presque Cp-representations et {ip, r)-modules, J. Inst. Math. Jussieu 8 (2009), 
no. 4, 653-668. 

[BK90] S. Bloch, K.Kato, L-functions and Tamagawa numbers of motives. The Grothendicck 
Festschrift, Vol. I, 333-400, Progr. Math. 86, Bhkhauser Boston, Boston, MA 1990. 

[Chl3] G. Chenevier, Sur la densite des representations cristallines de Gal(Qp/Qp), Math. An- 
nalen 335, 1469-1525 (2013). 

72 



[Co08] P.Colmez, Representations triangulines de dimension 2, Asterisque 319 (2008), 213-258. 
[ColO] P.Colmez, Representations de GLaCQp) et (</j, r)-modules, Asterisque 330 (2010), 281- 
509. 

[DeeOl] J. Dee, ((yS, r)-modules for families of Galois representations. Journal of Algebra 235 
(2001), 636-664. 

[De73] P.Deligne, Les constantes des eqations fonctionelles des fonctions L, Modular functions 
of one variable, II (Proc. Internat. Summer School, Univ. Antwerp, Antwerp, 1972), pp. 
501-597. Lecture Notes in Math., Vol. 349, Springer, Berlin, 1973. 

[Em] M. Emerton, Local-global compatibility in the p-adic Langlands programme for GL2/Q, 
preprint. 

[FP94] J.-M. Fontaine, B.Perrin-Riou, Autour des conjectures de Bloch et Kato; Cohomologie 
gaolisienne et valeurs de fonctions L. Motives (Seattle, WA, 1991), 599-706, Proc. Sympos. 
Pure Math., 55, Part 1, Amer. Math. Soc, Providence, RI, 1994. 

[FK06] T.Fukaya, K.Kato, A formulation of conjectures on p-adic zeta functions in non com- 
mutative Iwasawa theory, Proceedings of the St. Petersburg Mathematical Society. Vol. XII 
(Providence, RI), Amer. Math. Soc. Transl. Ser. 2, vol. 219, Amer. Math. Soc, 2006, pp. 
1-85. 

[Ka93a] K. Kato, Lectures on the approach to Iwasawa theory for Hasse-Weil L-functions via 
BdR- Arithmetic algebraic geometry. Lecture Notes in Mathematics 1553, Springer- Verlag, 
Berlin, 1993, 50-63. 

[Ka93b] K.Kato, Lectures on the approach to Iwasawa theory for Hasse-Weil L-functions via 

BdR. Part II. Local main conjecture, unpublished preprint. 
[KLIO] K.Kedlaya, R.Liu, On families of (</3, r)-modules, Algebra and Number Theory 4 (2010), 

no7, 943-967. 

[KPX12] K.Kedlaya, J.Pottharst, L.Xiao, Cohomology of arithmetic families of ((/3, r)-modules, 

preprint arXiv: 1203.5718^2. 
[Ki03] M.Kisin, Overconvergent modular forms and the Fontaine-Mazur conjecture. Invent. 

Math. 153 (2003), 373-454. 
[KislO] M. Kisin, Deformations of Gq and GL2{Qp) representations, Asterisque 330, 511-528 

(2010). 

[KM76] F. Knudsen, D. Mumford, The projectivity of the moduli space of stable curves I : 
Preliminaries on gdeth and gDivh. Math. Scand. 39 (1976), no. 1, 19-55. 

[La62] M. Lazard, Les zeeros des fonctions analytiques d'une variable sur un corps value complet. 
Inst. Hautes Etudes Sci. Publ. Math. No. 14 1962 47-75. 

[LVZ13] D.Loeffler,O.Venjakob, S.L.Zerbes, Local e-isomorphism, preprint |arXiv:13 3.1785l 

[Nail] K.Nakamura, Zariski density of crystalline representations for any p-adic field, preprint 
arXiv: 

[Nal3] K.Nakamura, Iwasawa theory of de Rham {tp, r)-modules over the Robba ring, Journal 

de rinstitut de Mathematiques de Jussieu (2013). 
[Na] K.Nakamura, Local e-conjecture for trianguline (tp, r)-modules, in preparation. 
[Pol3a] J. Pottharst, Analytic families of finite-slope Selmer groups, preprint. 
[Pol3b] J. Pottharst, Cyclotomic Iwasawa theory of motives, preprint. 

[ST03] P. Schneider, J. Teitelbaum, Algebras of p-adic distributions and admissible representa- 
tions. Invent. Math. 153(1) (2003), 145-196. 

[Vel3] O.Venjakob, On Kato's local e-isomorphism Conjecture for rank one Iwasawa modules. 
Algebra and Number Theory, 2013. 



73 



II 



Department of Mathemtics, Hokkaido University, Sapporo 060-0810, Japan 
e-mail address: kentaro@math.sci.hokudai.ac.jp 

74 



